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WEYL CONNECTION ON TANGENT BUNDLE OF HYPERSURFACE

RABIA CAKAN AKPINAR '@

ABSTRACT. In this paper, we determine the complete lift of weyl connection to tangent
bundle of hypersurface. And we obtain some certain results regarding to the tangent bun-
dle.
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1. INTRODUCTION

Let M be an m—dimensional Riemannian manifold with a linear connection V. Wong
obtained some properties of a recurrent tensor field K of type (r, s) on a manifold M endowed
with a linear connection V. A non zero tensor field X on manifold M is said to be recurrent
if there exist a 1-form such that VK = w® K [15]. An linear connection V on a Riemannian
manifold with Riemannian metric g is called a recurrent metric connection if there exist a

diferentiable 1-form w such that
(V3) (Y, Z) -5 (X) G (Y, Z)
for any vector fields X , )7, Zin M , w is called the 1-form of recurrence [10]. The torsion
tensor T of V is given by
7(R.7) =957 - Fpx - [£.7] ()
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for any vector fields X and Y in M. The connection V is symmetric if its torsion tensor
T vanishes, i.e., T = 0. Then the symmetric V connection is called a symmetric recurrent

metric connection on M. The Weyl connection is constructed with & and P and given by

151, [14]
VeV =95V -5 (3(X) 7 +0 (V)X -g(X.7) P) (12)
which satifies
(Vz9) (V.2) =3 (X)3(V.2) (1.3)

for any vector fields X and Y in (M,3), where V is a Riemannian connnection in (M, 3)
and P is a vector field defined by g (ﬁ, X ) =w ()? ) The Weyl connection is a symmetric
recurrent metric connection. The Weyl connection have been studied many authors [2], [6],
[12].

The study of differential geometry of tangent bundles was started in the early 1960s. The
prolongations called complete, vertical and horizontal lifts of tensor field and connection to
tangent bundle have been studied by Yano and Ishihara [I7]. The tangent bundle have been
studied many authors [3], [9], [13], [16]. Tani [II] improved the theory of hypersurfaces
prolonged to tangent bundle with respect to the complete lift of metric tensor of Riemannian
manifold. Gozilitok and Esin [4] have studied the complete lift of semi-symmetric metric
connection to tangent bundle of the hypersurfaces. Khan and his collaborators [7], [§] have
studied lifts of quarter-symmetric semi-metric and semi-symmetric semi-metric connections
to tangent bundle of the hypersurfaces. This paper is devoted to the study the complete lift
of Weyl connection to tangent bundle of the hypersurfaces. And we find certain results on

totally umbilical and geodesic to the tangent bundle.

2. PRELIMINARIES

Let M be a Riemannian manifold and we denote by T' (M) it is tangent bundle with the
projection mys : T' (M) — M and by T, (M) its tangent space at a point p of M. 7 (M) is
the set of all tensor fields of type (r,s) in M.

Let f,t € SY(M), X € 4 (M), w e IV (M), o € SFHM), g € I3 (M), T € I3 (M) be a
function, a vector field, a 1-form, type- (1, 1), type-(0,2), type-(1, 2) tensor field, respectively.

We denote, respectively, by Vf, VX, Vw, Vi, Vg, VT their vertical lifts and by ¢ f, X, Cw,
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Cp, Yg, €T their complete lifts. This lifts have the properties [17]:

‘g (VX’C ?) = < ) (2.4)
3(55) - <5 (2.)
Cﬁc)? Cy = ¢ (ﬁ)??

o <C X ?) _

Cf Vi + Vf Ct —

Let S be an manifold with dimension (m — 1) imbedded differentially as a submanifold in

(M, 9g) and denote by ¢ : S — M its imbedding [11]. The differential mapping dz is a mapping

from T'S into T'M, which is called the tangent map of 2, where T'S and T'M are the tangent

bundles of S and M, respectively. The tangent map dz is denoted by B. The tangent map
of B is denoted by B : T (T'S) — T (TM).

The hypersurface S is also a Riemannian manifold with the induced metric g defined by

g(X,Y) =g (BX, BY) for arbitrary X, Y € &} (S). Thus, V is Riemannian connection with

the induced connection on (.S, g) from V defined by
Vex BY = B(VxY)+h(X,Y)N (2.5)

for any X, Y € ¢ (S), where N is unit normal vector field on (S, g) and h is the second

fundamental tensor field of (S, g) [11]. Also, the following equality
h(X,Y) = g(HX,Y)

for any X, Y € ¢ (S), where H € S (9).
If h is equal to zero, S is called totally geodesic with respect to V and if h is proportional
to g, then S is called totally umbilical with respect to V [11].

3. WEYL CONNECTION ON TANGENT BUNDLE OF HYPERSURFACE

[e] J—
V is a Weyl connection induced on the hypersurface S from V, which satisfies the equation

Vpx BY =B (%XY> +m(X,Y)N (3.6)
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for X, Y € S} (9), where m is a type-(0,2) tensor field in S. Defining M = H — nl, we
obtain the equality

m(X,Y)=9g(MX,Y) (3.7)

for any X, Y € 3¢ (9), where I is the unit type-(1,1) tensor field in S.
If m is equal to zero, then S is called totally geodesic with respect to V and if m is

o
proportional to g, then S is called totally umbilical with respect to V.

Theorem 3.1. The connection induced on a hypersurface S of a Riemannian manifold with

a Weyl connection with respect to the unit normal is also a Weyl connection.

Proof. From (|1.2)) we obtain

_ N 1 _

Vix BY = Vpx BY — - (a (BX)BY +&(BY)BX — §(BX, BY) P) (3.8)
for arbitrary vector fields X,Y € S. From equations ({2.5)), (3.6), (3.8)),

B (%XY> +m(X,Y)N = B(VxY)+h(X,Y)N — %@ (BX)BY (3.9)

1 1
—5@ (BY) BX + 5§ (BX, BY) (BP +1N)

where we put P=BP+ nN, where n is a function, P is a vector field and w is a 1-form in
S determined by w (X) = & (BX).

By taking the tangential and normal parts from both the sides, we get, respectively,
° 1
VxY = VxY—i(w(X)Y—i—w(Y)X—g(X,Y)P),

m(X,Y) = h(X,Y)+ %ng(X,Y).

The complete lift “g of Riemannian metric § is the pseudo-Riemannian metric in TM.

Therefore, if we denote by g the induced metric on T'S from ¢g , then
F(exCy)= (E X, B CY)

for arbitrary vector fields X,Y € S} (S).
Thus, the complete lift OV of the Riemannian connection V in (M,g) is the Riemannian
connection in the pseudo-Riemannian manifold (TM © §) The complete lift “V of the

induced connection V on (5, g) is also the Riemannian connection in (7' (S), 7).

Theorem 3.2. If T is torsion tensor of v in (M,q), then CT is torsion tensor of OV in

(TM,Cg) [17).
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Now we obtain the main theorem of this study.

Theorem 3.3. Let V a Weyl connection with respect to ¥ Riemannian connection in (M,q).

Then, €V is also a Weyl connection with respect to OV Riemannian connection in (TM,C /g\)

Proof. Firstly, let’s show that V& (E CX) — V(@ (BX)) and 5 (E CX) = (@ (BX)).
In [11], using ¥ (BX) = B VX and © (BX) = B °X for X € §}(S) we get

V@(E CX) - Vaﬁ(BX)zﬁ(Va (%)):W(@(}?)): V(% (BX)),
%(E CX) - Caf(BX):ﬁ(% (C)?)):ﬁc(a()?))z (& (BX))

for arbitrary X,Y € 3¢ (S). Here, we denote the operation of restriciton to 7} (2(S)) by
#. Also, we denote the vertical and complete lift operations on 7} (2(S)) by V and C,
respectively. Now taking the complete lift of both sides of the equation (1.2]) and using the

equations (12.4) we get

@ (Vpx BY) = 5(63)( BY) ~ Yo Gmx) (BY) -
1
2

O (Vsx BY) = ©(Vpx BY) - Lo wmx) V(BY) - % V(% (BX)) C(BY)

_ - _ - 1 - - 1 ~ ~
C C _ Cgo. C C~ C Vv Vo C C
Viex BEY = “Vpo  BOY -5 % (BOX)(BYY) -5 Vo (B x) (B Y)
1 1y /=
e (5e) (5V) - %5 (50) (5
1 ~ v 1 ~ =~
+5 %9 (B°x, BOY) VP+; % (BVxX, BCY) P
and
_ - - - 1 ~ - 1 ~ -
C C _ C C Cr C \%4 Vs C C
Viey BOX = V5o, BOX -2 (BOY) (BVx) -5 a(BOY) (B )
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Then, we have

‘T(BCX, BOY) = “Vgey BOY - Vyey BOX - |BOX, B Y]
= Wiey BOY - Wi, BOX - [ECX, ECY}
= T(B°X, BCY)
= 9(T(Bx,BY))
-0
By computing
(Vg ex BOY. BCZ)+ (B Y. OV 0y B °2)
= GV ey BOY - % “G(BOxX)(BYY) -3 " a(Bx) (B )
5@ (BY) (BVx) - 58 (BOY) (B x)
+% C?(B °X, B CY) 713+% Ca(é VX, B CY) P, BC2)
HOUB Y, Ve B2 B (BOX) (B 2)
—% Vo (E CX) (E CZ) - % G (E CZ) (E VX)
_% Vs (§ cZ) (g cX> +% c§<B Cx. B cZ) Vp
% C;}(E VX B CZ) cp)
= “G(Vsex BV, B CZ) + Cﬁ( B, “Viex B CZ)
5 C@Bx) %G (BY, BZ) - V@Bx) (B Y, B2)
5 (@) %G(BYX, BCZ) -V @BY) % (B°X, BO2)
_% “@BX)) °G(B Y, BV7) - % V@ Bx) “%G(B Y, BC2)
5 C©B2) (B, BVX) - V(@(B2)) % (B Y, BOX)
s (B0 ) (7. 579
a5 (80 59) 557 579
J% C§(§0X7 B’CZ) C@\(ECK Vﬁ)
% Cg( BVX, B CZ) Cg( By, 513)

7



8 R. C. AKPINAR

= (Vg ey BOY.BCZ)+ %G BCY. V0, BO2)
_% %@ (BX)) Y (§(BY, BZ)) - % V(@ (BX)) ¢ (3(BY, BZ))
_% @ (BY)) V(§(BX, BZ)) - % V@ (BY)) ©(G(BX, BZ))
5 C@Bx) VG, B2) - 3V @(BX) °G(BY, B)
5 C@B2) V@B, BX) - 3V @(B2)) ©@G(BY, BX))
+% S@G(BX, BY)) V® (BZ))+%V(’9\( BX, BY)) © (@ (B2))
+% (G (BX, B2) V(@ (BY)) +%V(§( BX, BZ)) ¢ (@ (BY))

£
oy
>
@)
&
<
oy
N

_ (é CX) C (B °y, B CZ) (@ (BX) §(BY, BZ))
And from following equation
(BCX) “G(BY, BZ) = (“Vey %) (BOY, B 2)
+G( Vgox BOY, BO2)
+9G(B Y, “Vyex BO2)
we get

(V5 oy 99) (B °y, B CZ) (& (BX) §(BY, BZ)).

[e]
Theorem 3.4. Let V be a Weyl connection with respect to V Riemannian connection in
o]
(S,9). Then €V is also Weyl connection with respect to ©N Riemannian connection in

(TS,9).

Proof. Taking the complete lift on both the sides of equation (3.8)) and using equations
£4), we get

7= F/a & 1,

O(Vpx BY) = © (VBX BY) -5 “@(BX)BY) -5 “ @(BY) BX)
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O (Vpx BY) = 5(%)( BY> — - %@ BX)) V(BY)

+

for arbitrary X, Y € S. Hence, from equations (2.5 and (3.6) we obtain

e <B <%XY) +m(X,Y) N> = “(B(VxY)+h(X,Y)N)

Ql

(@ (BX) BY) - % % (& (BY) BX)

N~ N~
Ql

+- % (G(BX, BY)(BP +nN))

= 9(B(VxY)+h(X,Y)N) - % “G(BOX)BYY

1 V@(ECX)ECY—%%(ECY)EVX

B¢ <%XY> + Vm(°X, °Y) ON+ “m(°x, ¢Y) VN
= BO(VxY)+ Va(°X, °Y) O N+ Ch(°X, °Y) VN
7% “G(BX)BVY -

1 _ _
-5 e <B CY)B Vx _



10 R. C. AKPINAR

+ -
Q. Q
Q) )

- - - 1
(B Cx, BCY)BVP+§V170

- - - 1
(B vy, BCY)BCP+5

§(§ X, B CY) VN

C

o g(é vy, ECY) VN

<
3
Q)

(E VX, B CY) N

+
N~ N~ N~

Moreover we get

“(%xr) -

1o /= - 1y /= -
C(VxY) -5 B (B CX)B Vy - V5 (B CX)B Cy

sol}
Q
)~<
W
Q
e

—%CQ<J§CY)§VX—%V@(

1 1 /= . .
+5 CA(B Cx, BCY)BVP+2 Cg(B vy, BCY)BCP

and
Ym (X, °Y) N+ “m(°X, °Y) VN

_ <Vh(CX °y) + 2VnCA<BVX BCY)) N

+<Ch(CX, y) +; Vi Cg(é Cx, ECY) +% y Cg(é vV, ECY)> VN.

From the equations ([2.4)), it follows that

: 1 1
C(vxy) = C(VXY)—§Cw(CX) VY—§V w(°X) ‘Y - 5Cw(CY) VX
Cyv\ C Cy Cv\ V } Vy C
(Y)X+g(XY)P+2(XY)P
and finally, we obtain
NVox v = Vox Y - - % (9X) VY - 2 Vw (9X) %Y
1 1
—50 (°Y) Vx 3 (°Y) °x
+%§(OX Cy) VP+§ (VX Cy) CP,
“Vey CX = CVCYCX—%C (97) Vx - Lve(oyy ox

Thus, we have

C%(CX}CY) _
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Similarly

§<Cv oy 7Y, CZ> + §<CK °V cx Cz)

= §(CVCXCY—%Cw(CX) VY—%VUJ(CX) “y

—%%(CY) VX—%Vw(CY) X
+%§(CX, Cy) VP_‘_%@“(VX’ Cy) CP, Cz)

lc(,J(CX) VZ—%V(U(CX) ©z

+3(°Y, °V oy 02—2

~3 % (92) VX =5 Vw(%2) °X
%g(cx, “7) VP+%§(VX, “z) °p)

(VY. ©2) -5V w(x) § (Y. 2)
_% W) g(Vx, °Z) —%V(w(Y)) g(“x, “2)
@) (CY, Va) -V () §( Y, °2)
f% “w(2) §(°Y, VX) —%V(w(Z)) g (Y, °X)
+33(°X, ) G(VP. °2)+ 5 5( VX, )3 (P, °2)
420X, ©2) §(Ov, VP + (VX 97) (Y, OP)

we get

11
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The Weyl connection C% on (T'S,g) can be given by
CVeyx Y = OVoy CY—%Cw(CX) VY—%Vw(CX) CY—%Cw(CY) VX
—% Vw (9Y) CX+%§( X, %y) P+ %g( VX, %) °p
and taking the complete lift of both sides of the equations we obtain
CVseyBCY =B (C%CX CY) + Ym (°X, °Y) O N+ “m (X, °y) VN
From the equation , it follows that

Vm(CX, Cy): VI’L(CX, CY)—F%V’I]C/Q\(EVX, EC}/>

®m(°X, °Y) = Cn(°x, °Y) +%VUC§(§CX7ECY>

1 - _
+5 %0 g (B VX, B CY) .

According to [I1], 7'S is totally umbilical if and only if there exist differentiable functions A

and p, such that

Ym (X 7) =2 ( %, 7)
(% 7) =i (5.)

for arbitrary vector fields X, Y € S} (TS). If both A and p vanish, then TS is totally

geodesic. It is travial to prove the following theorems by using the equations (2.4)).

Theorem 3.5. T'S is totally umbilical with respect to the Weyl connection €V if and only

if it is totally wmbilical or totally geodesic with respect to the Riemannian connection ©V.

Theorem 3.6. T'S is totally umbilical with respect to the Weyl connection €V if and only

[e]
if S s totally umbilical with respect to the Weyl connection V.

(o]
Theorem 3.7. T'S is totally geodesic with respect to the Weyl connection €V if and only if
it is totally geodesic with respect to the Riemannian connection ©V and the vector field P

is tangent to S.

Theorem 3.8. T'S is totally geodesic with respect to the Weyl connection €V if and only

[¢]
if S s totally geodesic with respect to the Weyl connection V.
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