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ABSTRACT. The object of the present paper is to study some results on a S-Kenmotsu man-
ifold with a non-symmetric non-metric connection. We obtain the condition for the manifold
with a non-symmetric non-metric connection to be projectively flat and conformally flat.
Also, it has been demonstrated that the manifold satisfying the condition RT.8'=0is an
Einstein manifold. Further, by virtue of this result, we found the condition of Ricci soliton
in B-Kenmotsu manifold to be expanding.
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1. INTRODUCTION

K. Kenmotsu [I4] studied a class of almost contact manifolds and identified it as a Ken-
motsu manifold. The fundamental properties of local structure of these manifolds were

studied by him [I4]. Trans-Sasakian manifolds were introduced by J. A. Oubina [16], which
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generalizes forms of Sasakian, Kenmotsu and cosymplectic manifolds. A trans-Sasakian man-
ifold of type (0,0), (o, 0) and (0, B) are Cosymplectic, a-Sasakian and S-Kenmotsu manifolds
respectively, where «, 8 are smooth functions. In particular, a trans-Sasakian manifold will
be Kenmotsu and Sasakian manifold, if « = 0,8 = 1 and a = 1,8 = 0 respectively. S-
Kenmotsu manifold provides a large variety of Kenmotsu manifolds. Recently, Kenmotsu
manifolds have been studied by several authors (cf. [8 6, 11, 13|, 23] 24]).

On differentiable manifolds, A. Friedmann and J. A. Schouten [12] first proposed a semi-
symmetric linear connection. On Riemannian manifolds, semi-symmetric metric connection
was first systematically examined by K. Yano [25], which was further studied by authors,
including S. Ahmad and S. I. Hussain [2I], M. M. Tripathi [22] and others. Semi-symmetric
non-metric connection was established in a Riemannian manifold by N. S. Agashe and M. R.
Chafle [1]. In line with this, S. K. Chaubey et al. [2] introduced the notion of non-symmetric
non-metric connection. It has been further studied in [4 5] [7, 17, I8, 19].

A torsion tensor of a connection is a mapping 7' : x(2) x x(2) — x(22) defined by

T (X1, X)) = VaXy—Va,X) — Xy, Xo]. (1.1)

A connection V is symmetric if 77 = 0 and it is non-symmetric if 77 # 0. The connection
V is metric if %(g = 0 and it is non-metric if ﬁ/\»f] % 0. It was further studied by several
geometers [10, 9].

In a Riemannian manifold (22", §), g is a Ricci soliton if

(£v§) (X1, Xo) + 28T (X1, Xo) +20§(X1, Xp) = 0, (1.2)

V Xi, Xy and V on Q"1 where £y denote the Lie-derivative along the vector field V, St
is Ricci tensor and © is a constant. The Ricci soliton is shrinking, steady and expanding if
O <0, =0 and © > 0 respectively.

This paper is organized as follows: In Section 2, we present an informative introduction
of S-Kenmotsu manifold. In Section 3, we define non-symmetric non-metric connection.
In Section 4, we find the curvature tensor with non-symmetric non-metric connection. In
Section 5, we investigate projectively and conformally flat -Kenmotsu manifolds with defined
connection. In Section 6, we show that the manifold with the defined connection satisfying

the condition R - ST=0 is an Einstein manifold.
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2. PRELIMINARIES

A smooth manifold ©227*! is almost contact metric [I5] if it admits a (1, 1)-tensor field ¢,
an associated vector field f , a 1-form 7 and the Riemannian metric § satisfying

~ ~

X=X+ () =1, ¢{=0, H(pX;)=0, (2.3)

~

G(pX 1, 9pXy) = g(X1, Xe) — 7 (A1) 9(X1, ¢) = n(&1), (2.4)

>
—~
o
SN—

for all Xy, X5 € T'Q.

An almost contact metric manifold Q?"*! is a f-Kenmotsu manifold [20] if and only if
(Vo)X = B9 (X1, X2) € =) (A2) (X)) (25)
From ({2.5)), we have

Va ¢ = Blx — 7 (&) ¢, (2.6)

(Vi) Xe = B (pX 1, pXa) = Blg (X1, X2) — 1) (A1) ) (X)) (2.7)

Further, the curvature tensor RY, Ricci tensor ST and Ricci operator Qf in S-Kenmotsu

manifold with the Levi-Civita connection V satisfy [20].

RU(XL,X2) ¢ = =B (X2) X1 — ) (A1) Xo] + (X15)[ Xz — (X))
—(X2B)[X1 —A(X,)C], (2.8)
RI(C, X)X = (8% + CB)[A (A2) X1 — § (A1, &) (], (2.9)
RY(C A1)¢ = (8% + (B)[4 — ) (41) €], (2.10)
ST(A1,¢) = —(2n% + (B)i (A1) — (20 — 1)(X15), (2.11)
SHC.C) = —(2nB + (B), (2.12)
Qf¢ = —(2n82 + (B)C — (2n — 1)gradB. (2.13)

Definition 2.1. A -Kenmotsu manifold Q*" 1 is known as a generalized n-Einstein man-

ifold if its Ricci tensor ST of type (0,2) satisfies
St=Mi+Mi@i+MHow+wei, (2.14)

where, A1, Ao and \3 are smoth functions, w is a 1-form defined by w(X1) = g(&X1,p) V X1,

p cmdgt are mutually orthogonal to each other.
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Definition 2.2. The projective curvature tensor of a (2n + 1)-dimensional B-Kenmotsu

manifold Q is given by [4]
1
P (X1, ) Xz = RE (A, X)) X5 — %[ST (X, X3) X1 — ST (X, X3) A, (2.15)

Definition 2.3. The conformal curvature tensor C’ of a (2n + 1)-dimensional 3-Kenmotsu
manifold Q [20] is given by

1
n—1

(ST (A, A3) X1 — ST (X1, Az) Ay

C (X, X)Xy = RT(Xl,Xg)X3—2

1§ (X, X3) QT — § (X1, A3) QT 4]

+2n(2:—1)[g (A2, X5) X1 — § (X1, As) Ao (2.16)

where Rf, ST, Qf and k is the curvature tensor, Ricci tensor, Ricci opretor and scalar
curvature respectively with V.
3. NON-SYMMETRIC NON-METRIC CONNECTION

The relation between non-symmetric non-metric connection V and the Levi-Civita con-

nection V [2, 3] is given as

Va, X = Va, Xo + § (pX1, ) ¢, (3.17)
which satisfies
T (X1, Xy) = 25 (X1, Xs) € (3.18)
and
(Va,§)(Xa, Xs) = =) (A3) § (pX, Xo) — ) (X2) § ($X 1, A3) (3.19)

for arbitrary vector fields X7, X> and A3.

Let Q?"*! be a 3-Kenmotsu manifold with a non-symmetric non-metric connection Vv,

then
(Va, §)(Xa) = (V@) (X2) + § (X1, ) €, (3.20)
(ﬁé\ﬁﬁ) (X2) = (ﬁz\ﬁﬁ) (XZ) - g (@Xh X2) ) (321)
V¢ = V(. (3.22)

From (3.22)), the following theorem yields:

Theorem 3.1. The vector field é 1s invariant with respect to the connections V and V [18].



24 A. SINGH, M. AHMAD, S. K. YADAV, AND S. PATEL

4. CURVATURE TENSOR ON A ,B—KENMOTSU MANIFOLD WITH NON-SYMMETRIC

NON-METRIC CONNECTION

If Rt and RI are the curvature tensors of connections V and V respectively, we have
RY (X1, ) X3 = Va, Va, X3 — Vi, Vay X3 — Vigg 1 s, (4.23)
from , and , we have
RU(X, Xo) Xz = RY (A, Xo) Xs + B[25 (@1, Xy) ()¢
+9 (pX o, X3) X1 — g (91, A3) Ao (4.24)
Putting X} = ¢; in and summing over 1 <14 < (2n + 1), we get
ST (e, X3) = ST (X, X3) + 2087 (9 X, A3) (4.25)

O (A5) = QT (A) + 2nB (pX,). (4.26)

Thus we state the following theorem:

Theorem 4.1. In a -Kenmotsu manifold, Ricci tensor and Ricci operator are defined by

the equations ([£.25) and ([£.26) respectively endowed with V and V.

Contracting (4.25)), it follows that

k=k. (4.27)

Here 7v€T, S’T, O and k is the curvature tensor, Ricci tensor, Ricci operator and scalar
curvature respectively with V.

Thus with the help of (4.27)), we have following theorem:

Theorem 4.2. If a 3-Kenmotsu manifold Q2" +1 admits ﬁ, then the scalar curvatures cor-

responding to V and V coincide.

By replacing X5 =, in (4.24) and in view of (2.3)), and , we get
RE(, )¢ = B2 (1(X))Xe — §(X2) X1) + 287 (pX1, X2) ¢
+(X1)[ X — 7(A)C] — (X2B)[ A1 — 7(X1)C). (4.28)
From (23), [29) and (L24), we get

RUC X)X = (B +CB) [0 (A3) o — § (KXo, A3) (] + B3 (pX 4, X3) (. (4.29)



INT. J. MAPS MATH. (2024) 7(1):20-32 / -KENMOTSU MANIFOLD
By using , , and , we get
RIC )¢ = R x)C
= (B + A% —i(x)C).
Putting A3 = 6 in and using , we get
S(X,{) = S'(x,¢)
= —(2n8° +{B)i (%) - (2n — 1)(X2P)

and

of (Xy) = —(2nﬁ2 + 55)5 — (2n — 1)gradp.

5. PROJECTIVELY CURVATURE TENSOR ON ﬂ—KENMOTSU MANIFOLD WITH

NON-SYMMETRIC NON-METRIC CONNECTION

From Definition we have

3 5 1
PP (X, o) X3 = RT(Xl,XQ)Xg—%[

Using (4.24]), (4.25)) in (5.33)), we acquire

P (X, X)Xy = P (X1, X)) X+ 287 (pX 1, Xa) 7(X3)C.

Thus, we have the following results:

ST (A, 25) Xy — ST (A, X3) Aa).

25

(4.30)

(4.31)

(4.32)

(5.33)

(5.34)

Theorem 5.1. If a 3-Kenmotsu manifold Q*"*1 admits 6, then the projective curvature

tensors corresponding to V and V are related by the equation (b.34]).

If Q27+1 is C’-flat, then from Definition [2.3{ we obtain

u 1 y

R, X)) Xy = Sy (ST (A, A3) &) — ST (X, As) Ay
+§ (X, X3) QT — g (X1, &) QT )

ke

2n(2n — 1)

Putting X3 = ¢ in (5.35) and using (.25), [#.26), [.27) and (4.28)), we have

AA)GH —A()SH, = (548 + ()% — ()]

—(2n — D)[(X18)7(X2) — (X2B)A(X1)]C

+2(2n — 1)Bg(pXy, A2)C.

[§ (X, X3) Xy — g (A, A) Ay).

(5.35)

(5.36)
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Again putting X5 = f in ([5.36)), we obtain

O = (5 +CB+ 500k — (20 + )5 — (20— 336 + )i

—(2n — 1)((X18)C + 7(X1)gradB). (5.37)

Hence

St X)) = (B2 +{B+ %)@(Xl’ X) — (2n — 1)((X18)70(Xe) + (X28)7(X1))
(2 DB~ (20— 3B+ o (X)) (539)

Let w(X1) = (X1, p) = (X18) = g(gradB, X1) ¥V X1. If p and ¢ are orthogonal then (S = 0
and (5.38) takes the form of (2.14)). Therefore, we have the following theorem:

Theorem 5.2. A conformally flat B-Kenmotsu manifold endowed with Vs a generalised

n-Einstein manifold equipped with V.

6. B-KENMOTSU MANIFOLD SATISFYING RT - ST=0
We consider a -Kenmotsu manifold with V connection satisfying
R, X,).8T = 0. (6.39)
Therefore, we get
STRN( A, X)X, Xy) + ST(As, R (X, Ap)Xy) = 0. (6.40)
Replacing X7 by f in , it follows that
STRNCE, X)X, X4) + ST( X, RI(E, &) Xy) = 0. (6.41)
In view of , we have
(B + CB) () ST (X, Xn) — (X, X5)ST(C, X))
+ B9(pX5, X3)ST(C, Xa) + (B + CB) (X0 ST (X3, X2) (6.42)
— (X2, X) ST (X5, Q)] + B(pX 5, X3)ST (A5, C) = 0.
Again replacing X3 by é and using and , we have
ST( Xy, Xy) = — (208 + CB)§(Xa, Xy) + (2n — 1)((XaB)7(Xa)

(6.43)
— (XaB)(Xz)) + 2nBg(pX o, Xa).
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Using (4.25)), we have

ST, &y) = — (2087 + (B)(AXa, Xy) + (2n — 1)(AX2B)(Xy)

(6.44)
— (2n — 1)(X4B)7) (o).
Taking Xy = é in , we get
2(X28) = ((B)A(Xa). (6.45)
Again we take X = ( in , we get
(B=0. (6.46)
Using and in , we have
ST (Xo, Xy) = —2n82G( X, Xy). (6.47)

Thus we leads to the theorem:

Theorem 6.1. A p-Kenmotsu manifold satisfying the condition RE-ST=0 with V is an

Einstien manifold with V.

A Ricci soliton in f-Kenmotsu manifold is defined by equation (|1.2]). Naturally, two cases
appear corresponding to the vector field V:V € Span(f and V L Qt . We consider only the

case V = f . The Ricci soliton (g, g: ,0) on a B-Kenmotsu manifold endowed with V is defined

as
(£:9)(X1, Xp) + 28T (X1, ) +205(X1, Xp) = 0. (6.48)
Here
(£:9)(X1, ) = (Vi) (X1, %) + §(Va, €, X2) + §( X0, Vi O). (6.49)
Now using (2.6) and (3.22)) in , we have
(£20)(X1, Xo) = 2B[G(X1, Xp) — (A1) Xo)]. (6.50)

Now, from and , we obtain
SN, ) = —(8 + ©)9(A1, Xa) + B (X1)i(a). (6.51)
Replacing A7, &> by é and using , we get
© = 2n(8” + ¢B).

Since g is some non-zero function, we have © # 0, so we state the following theorem:
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Theorem 6.2. A Ricci soliton (g,é,@) in B-Kenmotsu manifold Q2"+ with V can not be

steady but is expanding if 5% + CAB > 0 and shrinking if B> + éﬁ < 0.
7. EXAMPLE OF ﬁ—KENMOTSU MANIFOLD WITH NON-SYMMETRIC NON-METRIC
CONNECTION

Example 7.1. Let us consider the 3-dimensional manifold Q*"*1 = [(x;y; 2) € R3|z # 0];

where (x;y; z) are the standard coordinates in R3. Consider the vector fields

) , 0 )

) .
S =zt =— =¢(.
a1 oz’ 22 oy’ o3 0z ¢

At each point of Q2"*1 01,09 and g3 are linearly independent. Suppose the Riemannian

metric g is defined as

g (01,02) = g (02,03) = g(03,01) =0,

g (o1,01) = g (02,02) = g (03,03) = 1, (7.52)
and ¢ is defined by
P(o1) = —02,P(02) = 01,9(03) = 0. (7.53)

According to the Lie bracket definition, we get

2 2

lo1, 02) =0, lo1, 03] = — o, [02, 03] = — 0 (7.54)
Also
20(V ., Xy, Xg) = X1 (X, Xs) + Xog (X, X1) — Xz (X, Xy)
(7.55)
+ g ([X1, o], A3) — § ([X2, As], X1) + g ([A3, A1), Xo) .
Using Koszul’s formula, we get
. 2 N A 2
vmgl = g@?n vm@? = 07 vaS = _;Qb
N N 2 A 2
V01 =0, V02 = pLt V03 = — 02 (7.56)

Vgggl = 0, VQ3QQ = 0, VQ3Q3 =0.
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Also X1 = Xloy + X200 + X303 and é = p3, then we have
leC = VXI,Q1+X292+X393Q3
= X'V, 03+ XV ,,03 4+ X3V, 03
2
= - (X1Q1 + X2gz) (7.57)

and

A ~ ~

Va,( = Blx —7(&i)(]
= Bl(XTo1 + X200+ X%03) — § (X 01 + X002 + X 03, 03) 03]
= —E[XIQ1+X2Q2+X393—X3Q3]
= —E[Xlé’l + X% 09]. (7.58)

From ([7.57) and (7.58)), the structure (¢, f, 7, 9) is a f-Kenmotsu manifold structure. There-

fore Q3(, f ,7,9) is a f-Kenmotsu manifold. From ({2.3)), (2.5, (3.17) and (7.56)), we have
2

o 2 o o
vmgl = ;Q:ﬂa V9192 = —03, V91193 = _;Qb

vgzgl = 03, VQQQQ = ;Q?» VQQQS = _;Q% (759)

?9391 = 0, 69392 = 0, Vg393 = 0.

From equations (3.18]) and (3.19), we have

T (01, 00) = 2§ (P01, 02) = —203 # 0

and

(Vourd) (02,08) = —i03)d (Por,00) — 7(02)d (P01, 03)
= 1#0.
Consequently, a non-symmetric non-metric connection V is defined in . Also,
ﬁxlé = 6){191+X292+2c3gg 03
= AW, 03+ XV,,03 + X3V, 03

2 2
= —ZX'p - ZX%py, (7.60)
z z

The equation (3.22)) can be verified using equations (7.57) and (7.60)).
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The components of RT of V are defined as

4 4
R (01,02) 01 = ;QQ,RT (01,03) 01 = ;Qz,RT (02, 03) 01 =0,

4 4
R (01,02) 02 = —;m,RT (01,03) 02 = 0, R (02, 03) 02 = 50 (7.61)

4 4
R (01,02) 03 = 0, R (01, 03) 03 = *;QlaRT (02, 03) 03 = =502,

hence we can verify the equations (2.8)), (2.9), (2.10) and (2.12).

Similarly, the components of curvature tensor RY of connection V are as under:

S 4 2 9 4 o 2
R (01,02) 01 = 292~ ;QLRT (01,03) 01 = ;@3,@ (02, 03) 01 = ~ 03,

o 4 2 o 2 o 4
RT (Qlu QQ) 02 = _?Ql - ;Q27RT (Ql? 93) 02 = _;Q37RT (Q27 93) 02 = 272@3) (762)

o 4 o 4 o
R (01, 02) 03 = ;Q:%,RT (01,03) 03 = —27@17RT (02,03) 03 = — 202

Thus, we can verify (4.24), (4.28), (4.29) and (4.30)).
S, Az) of connection V can be derived by using (7.61) in
3
ST X1, X) = 326 (RT (05, X1) Xo, 03). It is as under:
i=1

8

St (01, 01) = 8 (02, 02) = ST (03, 03) = 2 (7.63)
St(X1, X1) of connection V can be derived by using equation (7.62) in
Y 3.«
SH(X1, Az) = SSG(RY (04, X1) Az, 0;). Tt is as follows:

i=1
st _ gt _ gt __8
S'(e1,01) = 8" (02,00) = 8" (03,03) = = 3. (7.64)

In view of ([7.63]) and (7.64)), the scalar curvature can be calculated as under:

3
24
k= S(0i,01) = S (01,01) + S" (02, 02) + ST (03, 03) = —
=1

3
o " o v g 24
k= E ST (01 0)) = 8" (01,01) + ST (02, 02) + ST (03, 03) = —
i=1

Thus we see that the example also verify Theorem
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