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NONEXISTENCE OF GLOBAL SOLUTIONS TO SEMI-LINEAR
FRACTIONAL EVOLUTION EQUATION

MEDJAHED DJILALI® AND ALI HAKEM

ABSTRACT. In this paper, we consider the following semi-linear fractional evolution equation

@

use + (=A) 2w+ Dojeu = h(t, ) ul”,

w[w

posed in (0,7) x RY, where (=A)2, 0 < 8 < 2 is %— fractional power of —A, and
Dg), denotes the derivatives of order « in the sense of Caputo. The nonexistence of global
solutions theorem is established. Our method of proof is based on suitable choices of the

test functions in the weak formulation of the sought solutions.

1. INTRODUCTION

Our main interest lies in the following problem:

Sut Do w=h(t,x) [ul’, (tz) € (0,+00) x RV

Ut + (—A) O\t

(1.1)
u(0,2) = up(z) > 0,, u(0,2) = us(z) >0,, € RV,
where p > 1,0 < o < 1,0 < 8 < 2 are constants. The function h is a non-negative and

assumed to satisfy the condition
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h(t,xz) > Ct" |z|" ,where C >0, v >0, u>0. (1.2)

B
2

Dg‘/t denotes the derivatives of order « in the sense of Caputo and (—A)?2 is the fractional

power of (—A). The integral representation of the fractional Laplacian in the N-dimensional
space [17] is

Pz +2) — P(x)

g dz Ve eRY, (1.3)

(—A)P 2 (z) = —cn(B)

RV 2]

where ey (8) = T((N +)/2)/(2xN/?PT(1 - 3/2)) and T' denotes the gamma function. Note
that the fractional Laplacian (—A)%/2 with 3 € (0,2] is a pseudo-differential operator defined
by:

(—A)Pu(z) = FHIC)P F(w)(Q)](x) forall z e RY,

where F and F~! are Fourier transform and its inverse, respectively. Let us point out that
many authors investigated the cases where @ = 1, = 2 in several contexts. For example,
the following Cauchy problem:

u + up — Au = |ul?, (t,z) € (0,00) x (RV)
(1.4)

u(0,2) = up(z), w(0,2) =ui(z), r € RN,

has been investigated by Qi. Zhang [20] in the case 1 < p < 1+ %, when w;,7 = 0,1 is
compactly supported and [ w;(z)dz > 0. He proved that the solution of does not exist
globally. Therefore, he showed that p =1 + % belongs to the blow-up case.

Ogawa and H. Takeda [13] studied as a initial boundary value problem in an exterior
domain 2. They established the non-existence of non-negative global solutions of the above
problem when 1 < p < 1+ % and the initial data (ug,u1) € H{ () x L?*(Q) having a
compact support. After that Fino and Wehbe [3] generalized the results of Ogawa-Takeda
[13] by proving the blow-up of solutions of under weaker assumptions on the initial
data and they extended this results to the critical case p =1 + %

Todorova-Yordanov [19] showed that, if p. < p < %, for n > 3 and p. < p < 400, for
N =1,2, where p. = 1+ %, then subjected to initial data u(0,z) = eup(x), w(0,z) =
eur(z), € > 0,2 € RY, admits a unique global solution, and they proved that if 1 < p < 1+%,
then the solution u blows up in a finite time. R. Ikehata [10], subjected the problem

with initial-boundary values, he derived certain decay estimates for the total energy of the
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solution to the problem ((1.4)), when 1+ NLJFQ <p< % In particular, A. Hakem [g] treated
the following problem:

g + g(us — Au = |ul?,  (t,z) € (0,00) x (RY),
(1.5)

u(0,2) = up(z), w(0,z)=u(x), r € RV,
where g(t) is a function behaving like t#, 0 < 8 < 1. He obtained the non-existence of weak

solution for the problem (1.5, when 1 < p < ]\J[VJ:E%

Our purpose of this work is to generalize some of the above results, so with the suitable

choice of the test function, we prove the non-existence of nontrivial global weak solution of

D).

2. PRELIMINARIES

Set X7 = (0,T) x (RY). The results of our research are based on the following definitions:

Definition 2.1. Let 0 < a < 1 and ¢ € L*(0,T). The left-sided and respectively right-sided

Caputo derivatives of order o for ( are defined as:

py 1 t C/ 5 e 1 r CI S
Do|tC(t)=F(1a>/0 (t(s))ads and DtlTC(t):_F(la)/t (s(t))ads’

where I' denotes the gamma function (see [14] p 79).

Definition 2.2. We say that v > 0 is a local weak solution to , defined in Xp, 0 <T <

+00, if u is a locally integrable function such that uPh € L}, (S1) and

/ h|u]p\11d:vdt+/ uo(x)\I/(O,x)d:U+/
S RN

RN

up(z)W(0,x) dx — /]RN uo ()W (0, x) dx

:/ u\Ifttda:dt+/ thol‘T\I/d:cdt+/ u(—A)gllfda;dt,
YT Xr S

is satisfied for any ¥V € C’fj (ET) such that ¥(T,.) = U(T,.) = 0.

Definition 2.3. We say that u > 0 is global weak solution to (1.1)) if it is a local solution to
(1.1) defined in Xp for any T > 0.

Now, we recall the following integration by parts formula (see [18] p 46):

T T
/ o(1) (DG ) (1)t = / (Dg6) ()t (2.6)
0 0

We notice that, in all steps of proof, C' > 0 is a real positive number which may change

from line to line.
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3. MAIN RESULTS

Our main result reads as follows:

Theorem 3.1. Assume that p > 1,0 < a < 1,0 < 8 < 2 and the conditions are

satisfied, if
<a@huo+ﬁu+u)

3.7
P="oN+80-a) ° (37)

then the problem (1.1) has no nontrivial global weak solutions.
Proof. Since the principle of the method is the right choice of the test function, we

choose it as follows: .y
2+ |z
U(t,z) = @(T), R>0,

where @ is a cut-off no increasing function satisfying

0, if r>2,
O(r) =

1, if r<1,

M
and

0<d <1, forall »r>0.

Now multiplying the equation (I.1I) by ¥ and integrating by parts on 7 = (0,7) x (RY),

we get

/ETh|u]p\Idedt+/RN uo(z)¥(0,x) da?—i—/RN w1 (z)¥(0,x) dz s

/ uo(x)\lft(O,x)dx:/ ulllttdxdt/ uDS“lt\IldxdtJr/ u(fA)g\Ild:pdt.
RN P by X

T
Invoking the fact that
28
t2 4 |z|
— )
we easily deduce that ¥4(0,2) = 0. By using (2.6]), the formula (3.8)) will be on the shape

/h|u|p\I'dxdt—i—/ uo(x)‘lf((),$)dx+/ u(z)¥(0,x) dz
S RN RN

Uy (t,2) = 2tR*2<I>’(

(3.9)
:/ u\Ilttdxdt—i—/ uDﬁT\I/d:rdt—i—/ u((—A)glIl)dmdt.
S

T X7

To estimate

/ U\I/tt dx dt,
S

we observe that

/u\I!ttda:dt:/ w(h W) s Wy (hW) 7 da dt,
ET z:T
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we have also

/quT\I/dxdt:/ w(h¥)r D W(hT) 7 dedt,
ET ZT

and

/ u((—A)g\IJ)dxdt:/ w(hO)F (—A) S T)(hD) T da dt.
Sr X7

An application of the following e-Young’s inequality

ab < ea? + C(e)b?, a >0, b > 0,e >0, pg=p—+q and C(e) = (ep)_qu_l,
to the first integral of the right hand side of (3.9)), we obtain
/ uWy dx dt < 6/ |ul? W dx dt + C’(e)/ \\I/tt|z7%1 (h\Il)I:fll dx dt,
py S S

and for the second integral of the right hand side of (3.9)), we get

)PET (hW) T di dt.

/ uDyp ¥ dz dt < e/ u|ph\11d:r:dt+0(e)/ (‘D?fT‘I’
S S Xr
Similarly for the third integral of the right hand side of (3.9)), we have

8 = =1
B 0 (hW) T da dt.

(=4)2(¥)

/ u(—A)ﬁmpdxdt‘ ge/ ]uph\Ildwdt+C(e)/
ET 2T ET

Finally, we get

P —1
P (hW)P=T dx dt

/ ]u\ph\I/dxdth/ Wy | 757 (R dacdt—i—C/ ‘DﬁT\I/
Yr P Y

N (3.10)
vo | a3 )| (hw)et deat.

Er

By the choice of W, it is easy to show that

_P_ _
P (W)t dadi < oo,

/|\Iltt|z’pl(h\ll)plldxdt<oo, / Dgv
ET ET

L,

At this stage, we introduce the scaled variables:

8 Py =
2 (h¥)P=1 dz dt < oco.

(=A)z(¥)

r=tR!, (=aR7 .
Using the fact that

Moty -1 -2 2 - g -
drdt = R'5 'd¢dr, Wy = R™W,, Uy = R2W,,, (=A)ZW = R™*(=A)2 ¥, Dy = R™*D2 pr ¥,
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and setting
+ RN 2 2 2 2
Q={(r0) eR* xRV1 <72+ |(|= <2, @(r,Q) =72 +]|"

we arrive at

/ \u|ph\pdxdt§0391/ (W) ()| 7T (W) =T d( dr
X Q

b1 (hO)i=T d( dr (3.11)

+CR" [ (D) (0)

+ OR% /Q ((-A)gxp(@

Where

Nao 2p 1 «
oo o Loy

g p—1 p—1\p

Na ap 1 o
RGN W LY

5 p—1 p—1\p

Na ap 1 «
0 :——Fl—i—i(— —i—u)

. B p—1 p-1\p"

One can easily observe that: 61 < 65 = 63, we infer that

/ ulP BV dz dt < CR? /\(\If”)(@)yzf'l(h\p)pll d¢ dr
Y7 Q

T (hw)t de dr (3.12)

+ [ [(D5r)e)

4 /Q (CayFug)|" s dng],

where R > 0, large and

6 =6y = aN+6(1—Oz)]p—oz(N+,u)—B(1+1/)}.

1 {[
Blp—1)
It is clear that aN + B(1 — «) > 0, thus, we distinguish two cases:

o If
a(N+p)+ (1 +v)
aN+p(1—-a) '’

then the right-hand side of (3.12]) goes to 0 when R tends to infinity, we pass to the

<0 p<

limit in the left hand side, as R goes to +o00, we get

lim hlulP W dxdt = 0.
R—+00 Sr
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Using the Lebesgue dominated convergence theorem, the continuity in time and space

of w and the fact that U(t,z) — 1 as R — +o0o, we infer that

/ h|ul? dx dt = 0.
R+ xRN

Therefore, if u exists then necessarily u = 0 a. e. on RT x R,

o If
a(N+p)+ 61 +v)
0=0<p=
P aN+p1-a) '’
then we have
/ |ul? hdx dt < +o0. (3.13)
R+ xRN

By using (3.9)) we obtain

/h]u|p\11dxdt—|—/ uo(:v)\IJ(O,x)dx—f—/ w1 (z)¥(0,x) dz
X7 RN RN

(h0) 7 dz dt (3.14)

g/ u(hm)i\qztt|(hqz)5dagdt+/ u(hW)
Y b))

T
+ / w(hW)7
St

Accordingly, using Holder’s inequality in the right hand side of (3.14)), yields

(0%
tT

(—A)%) (h0) 7 de dt.

p—1

v . B 7
/ h|ulP O drdt < / uPhW dx dt / | Wy |P=T (RW) 2T dx dt
ET ET ET

p—1

- (/E uph\Ild:vdt)p</E (’DgTq;’)ﬁ(hqz)% d:cdt) '
+ (/E u%\Idedt)p(/E (’(—A)g‘lf

We easily see that

p—1
p

P —1
)P (hW) 7T da dt>

p—1

1

P » _ P
/h|u]p\11dxdt§ /uphklldxdt x /\\Iltt|pl(hlll)plld:zdt
YT X Er

p—1
+</ (‘foT
X7
p—1

+ </2T (‘(—A)gqf‘ )Pt () 7T da:dt) p].

P

_p_ =
)P (hW) 7T da dt)
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Because 6 =0, we get from (3.13)) that

1 . p=1
/ h|ulP @ drdt < / uPhWdrdt] X / ]\IJTT(cp)|P%1 (h\I/(go))Fll d¢ dr
X7 Qo 951

p=1
p

T /Q1 ( ‘D$|RT(90)‘ )”%(htlf(cp))p%ll dc dr

SRS

p—1

P

(o)) T ()T dcdr ),

(SIS

where

le{(T,C)€R+XRN; 1§7’2+|C|% SQ},

and

Qs = {(t,x) eRT xRY; RZ<t*+ m% < 232}_

Taking into account the fact that [z, e~ [ulf hdzdt < +oo, we obtain

lim |ul? KU dz dt = 0,
R—+o00 Qo

hence, we conclude that

/ ul? hdz dt = 0.
R+ xRN

Whereupon v = 0. We deduce that no nontrivial global solution is possible. This finishes the

proof.

Remark 3.1. We observe that in the case a =1, f =2, u=v =0, we retrieve the Fujita’s

critical exponent p. = 1+ %
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