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NONEXISTENCE OF GLOBAL SOLUTIONS TO SEMI-LINEAR

FRACTIONAL EVOLUTION EQUATION

MEDJAHED DJILALI∗ AND ALI HAKEM

Abstract. In this paper, we consider the following semi-linear fractional evolution equation

utt + (−∆)
β
2 u+Dα

0|tu = h(t, x) |u|p ,

posed in (0, T ) × RN , where (−∆)
β
2 , 0 < β ≤ 2 is β

2
− fractional power of −∆, and

Dα
0/t denotes the derivatives of order α in the sense of Caputo. The nonexistence of global

solutions theorem is established. Our method of proof is based on suitable choices of the

test functions in the weak formulation of the sought solutions.

1. Introduction

Our main interest lies in the following problem:
utt + (−∆)

β
2 u+Dα

0|tu = h(t, x) |u|p , (t, x) ∈ (0,+∞)× RN

u(0, x) = u0(x) ≥ 0, , ut(0, x) = u1(x) ≥ 0, , x ∈ RN ,

(1.1)

where p > 1, 0 < α < 1, 0 < β ≤ 2 are constants. The function h is a non-negative and

assumed to satisfy the condition
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h(t, x) ≥ Ctν |x|µ ,where C > 0, ν ≥ 0, µ ≥ 0. (1.2)

Dα
0/t denotes the derivatives of order α in the sense of Caputo and (−∆)

β
2 is the fractional

power of (−∆). The integral representation of the fractional Laplacian in the N -dimensional

space [17] is

(−∆)β/2ψ(x) = −cN (β)

∫
RN

ψ(x+ z)− ψ(x)

|z|N+β
dz, ∀x ∈ RN , (1.3)

where cN (β) = Γ((N +β)/2)/(2πN/2+βΓ(1−β/2)) and Γ denotes the gamma function. Note

that the fractional Laplacian (−∆)β/2 with β ∈ (0, 2] is a pseudo-differential operator defined

by:

(−∆)β/2u(x) = F−1
[
|ζ|β F(u)(ζ)

]
(x) for all x ∈ RN ,

where F and F−1 are Fourier transform and its inverse, respectively. Let us point out that

many authors investigated the cases where α = 1, β = 2 in several contexts. For example,

the following Cauchy problem:
utt + ut −∆u = |u|p , (t, x) ∈ (0,∞)× (RN )

u(0, x) = u0(x), ut(0, x) = u1(x), x ∈ RN ,
(1.4)

has been investigated by Qi. Zhang [20] in the case 1 < p < 1 + 2
N , when ui, i = 0, 1 is

compactly supported and
∫
ui(x)dx > 0. He proved that the solution of (1.4) does not exist

globally. Therefore, he showed that p = 1 + 2
N belongs to the blow-up case.

Ogawa and H. Takeda [13] studied (1.4) as a initial boundary value problem in an exterior

domain Ω. They established the non-existence of non-negative global solutions of the above

problem when 1 < p < 1 + 2
N and the initial data (u0, u1) ∈ H1

0 (Ω) × L2(Ω) having a

compact support. After that Fino and Wehbe [3] generalized the results of Ogawa-Takeda

[13] by proving the blow-up of solutions of (1.4) under weaker assumptions on the initial

data and they extended this results to the critical case p = 1 + 2
N .

Todorova-Yordanov [19] showed that, if pc < p ≤ N
N−2 , for n ≥ 3 and pc < p < +∞, for

N = 1, 2, where pc = 1+ 2
N , then (1.4) subjected to initial data u(0, x) = εu0(x), ut(0, x) =

εu1(x), ε > 0, x ∈ RN , admits a unique global solution, and they proved that if 1 < p < 1+ 2
N ,

then the solution u blows up in a finite time. R. Ikehata [10], subjected the problem (1.4)

with initial-boundary values, he derived certain decay estimates for the total energy of the
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solution to the problem (1.4), when 1 + 4
N+2 < p ≤ N

N−1 . In particular, A. Hakem [8] treated

the following problem:
utt + g(t)ut −∆u = |u|p , (t, x) ∈ (0,∞)× (RN ),

u(0, x) = u0(x), ut(0, x) = u1(x), x ∈ RN ,
(1.5)

where g(t) is a function behaving like tβ, 0 ≤ β < 1. He obtained the non-existence of weak

solution for the problem (1.5), when 1 < p ≤ N+2
N+2β .

Our purpose of this work is to generalize some of the above results, so with the suitable

choice of the test function, we prove the non-existence of nontrivial global weak solution of

(1.1).

2. Preliminaries

Set ΣT = (0, T )× (RN ). The results of our research are based on the following definitions:

Definition 2.1. Let 0 < α < 1 and ζ
′ ∈ L1(0, T ). The left-sided and respectively right-sided

Caputo derivatives of order α for ζ are defined as:

Dα
0|tζ(t) =

1

Γ(1− α)

∫ t

0

ζ
′
(s)

(t− s)α
ds and Dα

t|T ζ(t) = − 1

Γ(1− α)

∫ T

t

ζ
′
(s)

(s− t)α
ds,

where Γ denotes the gamma function (see [14] p 79).

Definition 2.2. We say that u ≥ 0 is a local weak solution to (1.1), defined in ΣT , 0 < T <

+∞, if u is a locally integrable function such that uph ∈ L1
loc(ΣT ) and∫

ΣT

h |u|p Ψ dx dt+

∫
RN

u0(x)Ψ(0, x) dx+

∫
RN

u1(x)Ψ(0, x) dx−
∫
RN

u0(x)Ψt(0, x) dx

=

∫
ΣT

uΨtt dx dt+

∫
ΣT

uDα
t|TΨ dx dt+

∫
ΣT

u(−∆)
β
2 Ψ dx dt,

is satisfied for any Ψ ∈ C2,2
t,x

(
ΣT

)
such that Ψ(T, .) = Ψt(T, .) = 0.

Definition 2.3. We say that u ≥ 0 is global weak solution to (1.1) if it is a local solution to

(1.1) defined in ΣT for any T > 0.

Now, we recall the following integration by parts formula (see [18] p 46):∫ T

0
φ(t)(Dα

0|tψ)(t)dt =

∫ T

0
(Dα

t|Tφ)(t)ψ(t)dt. (2.6)

We notice that, in all steps of proof, C > 0 is a real positive number which may change

from line to line.
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3. Main results

Our main result reads as follows:

Theorem 3.1. Assume that p > 1, 0 < α < 1, 0 < β ≤ 2 and the conditions (1.2) are

satisfied, if

p ≤ α(N + µ) + β(1 + ν)

αN + β(1− α)
, (3.7)

then the problem (1.1) has no nontrivial global weak solutions.

Proof. Since the principle of the method is the right choice of the test function, we

choose it as follows:

Ψ(t, x) = Φ
( t2 + |x|

2β
α

R2

)
, R > 0,

where Φ is a cut-off no increasing function satisfying

Φ(r) =


0, if r ≥ 2,

1, if r ≤ 1,

and

0 ≤ Φ ≤ 1, for all r > 0.

Now multiplying the equation (1.1) by Ψ and integrating by parts on ΣT = (0, T ) × (RN ),

we get∫
ΣT

h |u|p Ψ dx dt+

∫
RN

u0(x)Ψ(0, x) dx+

∫
RN

u1(x)Ψ(0, x) dx

−
∫
RN

u0(x)Ψt(0, x) dx =

∫
ΣT

uΨtt dx dt−
∫

ΣT

uDα
0|tΨ dx dt+

∫
ΣT

u(−∆)
β
2 Ψ dx dt.

(3.8)

Invoking the fact that

Ψt(t, x) = 2tR−2Φ
′
( t2 + |x|

2β
α

R2

)
,

we easily deduce that Ψt(0, x) = 0. By using (2.6), the formula (3.8) will be on the shape∫
ΣT

h |u|p Ψ dx dt+

∫
RN

u0(x)Ψ(0, x) dx+

∫
RN

u1(x)Ψ(0, x) dx

=

∫
ΣT

uΨtt dx dt+

∫
ΣT

uDα
t|TΨ dx dt+

∫
ΣT

u((−∆)
β
2 Ψ) dx dt.

(3.9)

To estimate ∫
ΣT

uΨtt dx dt,

we observe that ∫
ΣT

uΨtt dx dt =

∫
ΣT

u(hΨ)
1
pΨtt(hΨ)

−1
p dx dt,
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we have also ∫
ΣT

uDα
t|TΨ dx dt =

∫
ΣT

u(hΨ)
1
pDα

t|TΨ(hΨ)
−1
p dx dt,

and ∫
ΣT

u((−∆)
β
2 Ψ) dx dt =

∫
ΣT

u(hΨ)
1
p ((−∆)

β
2 Ψ)(hΨ)

−1
p dx dt.

An application of the following ε-Young’s inequality

ab ≤ εap + C(ε)bq, a > 0, b > 0, ε > 0, pq = p+ q and C(ε) = (εp)
−q
p q−1,

to the first integral of the right hand side of (3.9), we obtain∫
ΣT

uΨtt dx dt ≤ ε
∫

ΣT

|u|p hΨ dx dt+ C(ε)

∫
ΣT

|Ψtt|
p
p−1 (hΨ)

−1
p−1 dx dt,

and for the second integral of the right hand side of (3.9), we get∫
ΣT

uDα
t|TΨ dx dt ≤ ε

∫
ΣT

|u|p hΨ dx dt+ C(ε)

∫
ΣT

(
∣∣∣Dα

t|TΨ
∣∣∣) p
p−1 (hΨ)

−1
p−1 dx dt.

Similarly for the third integral of the right hand side of (3.9), we have∣∣∣∣∫
ΣT

u(−∆)
β
2 Ψ dx dt

∣∣∣∣ ≤ ε ∫
ΣT

|u|p hΨ dx dt+ C(ε)

∫
ΣT

∣∣∣(−∆)
β
2 (Ψ)

∣∣∣ p
p−1

(hΨ)
−1
p−1 dx dt.

Finally, we get

∫
ΣT

|u|p hΨ dx dt ≤ C
∫

ΣT

|Ψtt|
p
p−1 (hΨ)

−1
p−1 dx dt+ C

∫
ΣT

∣∣∣Dα
t|TΨ

∣∣∣ p
p−1

(hΨ)
−1
p−1 dx dt

+ C

∫
ΣT

∣∣∣(−∆)
β
2 (Ψ)

∣∣∣ p
p−1

(hΨ)
−1
p−1 dx dt.

(3.10)

By the choice of Ψ, it is easy to show that

∫
ΣT

|Ψtt|
p
p−1 (hΨ)

−1
p−1 dx dt <∞,

∫
ΣT

∣∣∣Dα
t|TΨ

∣∣∣ p
p−1

(hΨ)
−1
p−1 dx dt <∞,

∫
ΣT

∣∣∣(−∆)
β
2 (Ψ)

∣∣∣ p
p−1

(hΨ)
−1
p−1 dx dt <∞.

At this stage, we introduce the scaled variables:

τ = tR−1, ζ = xR
−α
β .

Using the fact that

dxdt = R
Nα
β

+1
dζdτ, Ψt = R−1Ψτ , Ψtt = R−2Ψττ , (−∆)

β
2
x Ψ = R−α(−∆)

β
2
ζ Ψ, Dα

t|TΨ = R−αDα
τ |RTΨ,
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and setting

Ω =
{

(τ, ζ) ∈ R+ × RN ; 1 ≤ τ2 + |ζ|
2β
α ≤ 2

}
, ϕ(τ, ζ) = τ2 + |ζ|

2β
α ,

we arrive at ∫
ΣT

|u|p hΨ dx dt ≤ CRθ1
∫

Ω
|(Ψττ )(ϕ)|

p
p−1 (hΨ)

−1
p−1 dζ dτ

+ CRθ2
∫

Ω

∣∣∣(Dα
τ |RT )(ϕ)

∣∣∣ p
p−1

(hΨ)
−1
p−1 dζ dτ

+ CRθ3
∫

Ω

∣∣∣(−∆)
β
2 Ψ(ϕ)

∣∣∣ p
p−1

(hΨ)
−1
p−1 dζ dτ .

(3.11)

Where 

θ1 =
Nα

β
+ 1− 2p

p− 1
− 1

p− 1

(α
β
µ+ ν

)
,

θ2 =
Nα

β
+ 1− αp

p− 1
− 1

p− 1

(α
β
µ+ ν

)
,

θ3 =
Nα

β
+ 1− αp

p− 1
− 1

p− 1

(α
β
µ+ ν

)
.

One can easily observe that: θ1 < θ2 = θ3, we infer that∫
ΣT

|u|p hΨ dx dt ≤ CRθ
[∫

Ω
|(Ψττ )(ϕ)|

p
p−1 (hΨ)

−1
p−1 dζ dτ

+

∫
Ω

∣∣∣(Dα
τ |RT )(ϕ)

∣∣∣ p
p−1

(hΨ)
−1
p−1 dζ dτ

+

∫
Ω

∣∣∣(−∆)
α
2 Ψ(ϕ)

∣∣∣ p
p−1

(hΨ)
−1
p−1 dζ dτ

]
,

(3.12)

where R > 0, large and

θ = θ2 =
1

β(p− 1)

{
[αN + β(1− α)]p− α(N + µ)− β(1 + ν)

}
.

It is clear that αN + β(1− α) > 0, thus, we distinguish two cases:

• If

θ < 0⇔ p <
α(N + µ) + β(1 + ν)

αN + β(1− α)
,

then the right-hand side of (3.12) goes to 0 when R tends to infinity, we pass to the

limit in the left hand side, as R goes to +∞, we get

lim
R→+∞

∫
ΣT

h |u|p Ψ dx dt = 0.
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Using the Lebesgue dominated convergence theorem, the continuity in time and space

of u and the fact that Ψ(t, x)→ 1 as R→ +∞, we infer that

∫
R+×RN

h |u|p dx dt = 0.

Therefore, if u exists then necessarily u ≡ 0 a. e. on R+ × RN .

• If

θ = 0⇔ p =
α(N + µ) + β(1 + ν)

αN + β(1− α)
,

then we have ∫
R+×RN

|u|p h dx dt < +∞. (3.13)

By using (3.9) we obtain∫
ΣT

h |u|p Ψ dx dt+

∫
RN

u0(x)Ψ(0, x) dx+

∫
RN

u1(x)Ψ(0, x) dx

≤
∫

ΣT

u(hΨ)
1
p |Ψtt| (hΨ)

−1
p dx dt+

∫
ΣT

u(hΨ)
1
p

∣∣∣Dα
t|T

∣∣∣ (hΨ)
−1
p dx dt

+

∫
ΣT

u(hΨ)
1
p

∣∣∣(−∆)
β
2 Ψ
∣∣∣ (hΨ)

−1
p dx dt.

(3.14)

Accordingly, using Hölder’s inequality in the right hand side of (3.14), yields

∫
ΣT

h |u|p Ψ dx dt ≤

(∫
ΣT

uphΨ dx dt

) 1
p
(∫

ΣT

|Ψtt|
p
p−1 (hΨ)

−1
p−1 dx dt

) p−1
p

+

(∫
ΣT

uphΨ dx dt

) 1
p
(∫

ΣT

( ∣∣∣Dα
t|TΨ

∣∣∣ ) p
p−1 (hΨ)

−1
p−1 dx dt

) p−1
p

+

(∫
ΣT

uphΨ dx dt

) 1
p
(∫

ΣT

( ∣∣∣(−∆)
β
2 Ψ
∣∣∣ ) p

p−1 (hΨ)
−1
p−1 dx dt

) p−1
p

.

We easily see that

∫
ΣT

h |u|p Ψ dx dt ≤

(∫
ΣT

uphΨ dx dt

) 1
p

×

[(∫
ΣT

|Ψtt|
p
p−1 (hΨ)

−1
p−1 dx dt

) p−1
p

+

(∫
ΣT

( ∣∣∣Dα
t|T

∣∣∣ ) p
p−1 (hΨ)

−1
p−1 dx dt

) p−1
p

+

(∫
ΣT

( ∣∣∣(−∆)
β
2 Ψ
∣∣∣ ) p

p−1 (hΨ)
−1
p−1 dx dt

) p−1
p
]
.
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Because θ = 0, we get from (3.13) that

∫
ΣT

h |u|p Ψ dx dt ≤

(∫
Ω2

uphΨ dx dt

) 1
p

×

[(∫
Ω1

|Ψττ (ϕ)|
p
p−1 (hΨ(ϕ))

−1
p−1 dζ dτ

) p−1
p

+

(∫
Ω1

( ∣∣∣Dα
τ |RT (ϕ)

∣∣∣ ) p
p−1 (hΨ(ϕ))

−1
p−1 dζ dτ

) p−1
p

+

(∫
Ω1

( ∣∣∣(−∆)
β
2 Ψ(ϕ)

∣∣∣ ) p
p−1 (hΨ(ϕ))

−1
p−1 dζ dτ

) p−1
p
]
,

where

Ω1 =
{

(τ, ζ) ∈ R+ × RN ; 1 ≤ τ2 + |ζ|
2β
α ≤ 2

}
,

and

Ω2 =
{

(t, x) ∈ R+ × RN ; R2 ≤ t2 + |x|
2β
α ≤ 2R2

}
.

Taking into account the fact that
∫
R+×RN |u|

p h dx dt < +∞, we obtain

lim
R→+∞

∫
Ω2

|u|p hΨ dx dt = 0,

hence, we conclude that ∫
R+×RN

|u|p h dx dt = 0.

Whereupon u ≡ 0. We deduce that no nontrivial global solution is possible. This finishes the

proof.

Remark 3.1. We observe that in the case α = 1, β = 2, µ = ν = 0, we retrieve the Fujita’s

critical exponent pc = 1 + 2
N .
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