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TRANSLATION HYPERSURFACES WITH CONSTANT CURVATURE IN
4-DIMENSIONAL ISOTROPIC SPACE

MUHITTIN EVREN AYDIN * AND ALPER OSMAN OGRENMIS

ABSTRACT. In the present study, we deal with translation hypersurfaces in the 4-dimensional
isotropic space I* generated by translating planar curves. Due to absolute figure of I* there
are four different types of such hypersurfaces. We classify these translation hypersufaces in

I* with constant Gauss-Kronecker and mean curvature.

1. INTRODUCTION

Dillen et al. [§] introduced a translation hypersurface M™~1 in a n—dimensional Euclidean

space R™ as the graph of the form

yn:fl (yl)_'_""_"fn*l (yn*1)7 (1'1)

where (y1, ..., yn) denote orthogonal coordinates in R"™ and fi, ..., f, smooth functions of
single variable. The authors in [§] proved that if M™~! is minimal, it is either a hyperplane

or M" 1 = M? x R" 3, where M? is the Scherk’s minimal surface (see [34]) given in explicit

form
1 cos (¢
y3 = —In M , ceR, c#0.
¢ |cos(cyr)
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In many different ambient spaces, it was tried to generalize the Scherk’s result as defining
the translation (hyper)surfaces, see [7, 9, 13| 14, 18, 22l 23, 24, 38, B9, 41]. In addition,
Seo [35] extended the above result to the translation hypersurfaces with arbitrary constant
Gauss-Kronecker and mean curvature.

Munteanu et al. [28] brought forward a different perspective by generalizing the usual
notion of translation surface and called it translation graph. More precisely, a translation

graph in RPT4 is given in explicit form

Yp+q (Y1, Y2, ---ayp+q—1> = f1 (Y1, yp) + f2 (yp-l-la ---»yp—i-q—l) )

for smooth functions f; : RP — R and f» : R9~! — R. They provided certain minimality
results on the translation graphs. In addition, Lima et al. [I7] proved that a translation graph
in RPT™4 has vanishing Gauss-Kronecker curvature if it has nonzero constant Gauss-Kronecker
or mean curvature.

Moruz and Munteanu [27] dealt with the minimal graphs of the form

ya (y1,92,y3) = f1 (y1) + f2 (y2,93),

which can be expressed as the sum of a curve in y;y4—plane and a surface in y2y3ys—space.

Notice that the graph of the form (1.1) is formed by translating n — 1 curves (called
generating curves) lying in mutually perpendicular 2-planes. This bring with two restrictions
on the translation hypersurfaces: one is that generating curves are planar and the second that
the planes including the generating curves are mutually perpendicular. As the restrictions
are removed, the different kinds of the translation hypersurfaces arise. For example; in the
particular case n = 3, Liu and Yu [19] introduced the notion of affine translation surface,
i.e., the translation surface that the generating curves lie in non-perpendicular planes. They
obtained minimal affine translation surfaces, so called affine Scherk surfaces. Furthermore,
arbitrary constant mean curvature and Weingarten affine translation surfaces were presented
in [15] 20].

In this study, we are interested in the counterparts of translation hypersurfaces in isotropic
geometry, i.e., a particular Cayley-Klein geometry (for details, see [16, 29, [40]). In 3-
dimensional isotropic space I?, if the generating curves are chosen to lie in mutually per-
pendicular planes, then three types of translation surfaces exist due to the absolute figure.

Let M? denote a translation surface in I, then we have
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Type 1. both generating curves lie in isotropic planes; that is, M? is a graph of the form

x3 (x1,22) = f(21) + g (22),

where (z1, 22, 3) denote the isotropically orthogonal coordinates in I3.
Type 2. One generating curve lies in non-isotropic plane and other in isotropic plane; that is,

M? is a graph of the form

x2 (21, 23) = f (21) + g (3).

Type 3. Both generating curves lie in non-isotropic planes; that is, M? is a graph of the form

vy (v, 73) = 5 (f (2 + 23 — 7/2) + g(7/2 — 22 + 73)) .

| =

As well as the non-isotropic planes, Strubecker [36] obtained the minimal translation sur-
faces in I2, so called isotropic Scherk’s surfaces of type 1,2,3. These surfaces are respectively

given as follows: for ce R, ¢ #0, 23 =¢ (x% - ZL‘%) c€R, c#0 (type 1),

1
To = —1In
c

1 cosc(xe + w3 —7m/2)
type 2) and 27 = —1
(type 2) and 2, 2" cosc(m/2 — xg + x3)

CT3

(type 3).

COSs I

Recently, these results were generalized by Milin-Sipus [25] to the translation surfaces in
I? with arbitrary constant Gaussian and mean curvature. The situation that the generating
curves in I? are non-planar extends the above categorization and the results. For example,
see [11 [4].

In I, there are four types of translation hypersurfaces whose the generating curves lie
in mutually perpendicular k—planes (k = 2,3), see Section 3. In more general case, i.e. in
arbitrary dimensional isotropic spaces, the translation hypersurfaces of type 1 were studied
in [3]. The present study concerns other three types of translation hypersurfaces in I* with
constant Gauss-Kronecker and mean curvature.

Due to the absolute figure of I n > 3, for a smooth real-valued function f the graph
hypersurfaces associated with the form x,, = f (x1,...,z,_1) differ from other hypersurfaces.
For example; the Gauss-Kronecker and mean curvature for such a graph hypersurface in I"
correspond to determinant and the trace of the Hessian of f, respectively. The formulas of
these curvatures were provided by Chen et al. [6]. As far as we know, this is first study

formulating such fundamental curvatures for a generic hypersurface in I".
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2. PRELIMINARIES

Some differential geometric approaches on curves and hypersurfaces in isotropic geometry
can be found in [2| [5 10, 12 21 26] 111, 30, B3], 32} B33].

Let P™ denote the n—dimensional real projective space, w a hyperplane in P"” and I" =
P™\w the obtained affine space. We call I n—dimensional isotropic space if w contains
a hypersphere S with null radius. Then the pair {w,S} is called absolute figure of I" and

parametrized in homogeneous coordinates by
e 02 2
wiug =0, S:uy=uy+...+u, 1 =0.

The vertex of S'is F(0:0:...:1) called absolute point. Here, by a verter we mean the

intersection of all maximal generators of a quadric. For more details, see [37].

Denote affine coordinates x1 = Z—é, vy Ty = Z—g, ug # 0. Then the group of motions of 1"

which preserves the absolute figure is given in terms of affine coordinates by
A 0

Y

B 1

where A is an orthonogal (n — 1,n — 1) —matrix, B a real (1,n — 1) —matrix.
Let p= (p1,---y0n)» ¢ = (q1, ---, ¢n) be two points in 1. The isotropic distance between p
and ¢ is defined by

n—1

> (pi— i)

i=1

di (p,q) =

If d; = 0, then the so-called range between p and ¢ is defined as d] = |p, — ¢ -

A line is said to be isotropic if its point at infinity is absolute. Other lines are mon-
isotropic. We call a k—plane isotropic (non-isotropic) if it contains (does not) an isotropic
line. In the affine model of 1", the isotropic lines and the isotropic k—planes are parallel to

r,—axis. For example; the following
a1y + ...+ apxn = b, a;,b € R,

determines an isotropic (non-isotropic) hyperplane if a,, = 0 (£ 0).

Note that the hyperplane x,, = 0, so-called basic hyperplane, is non-isotropic and therefore
the Euclidean metric is used in it.

As distinct from the Euclidean case, the orthogonality in I™ does not bring with the
perpendicularity. Obviously, two non-isotropic lines are orthogonal if their projections onto

the basic hyperplane are perpendicular up to the Euclidean metric. Nevertheless, an isotropic
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line is orthogonal to some non-isotropic line. As a consequence, each non-isotropic hyperplane
is orthogonal to the isotropic one. In addition, two isotropic hyperplanes are orthogonal if
their projections onto the basic hyperplane are perpendicular.

We call a curve isotropic (non-isotropic) k—planar if it lies in an isotropic (non-isotropic)

k—plane.

2.1. Curvature theory of hypersurfaces. This part of isotropic geometry is similar to
the Euclidean case.

Let M"~ !, n > 3, be a hypersurface in I” whose the tangent hyperplane at each point is
non-isotropic. Such a hypersurface is said to be admissible. Then the coefficients g;; of the
first fundamental form are calculated by the induced metric from I". The normal vector field
U of M™1 is completely isotropic, i.e. (0,0, ...,1).

For the second fundamental form, let us consider a curve r» on M"™~! with isotropic ar-
clength s and the tangent vector ¢ (s) = 1’ (s) = 9. Denote S the projection of 7" (s) = %

onto the tangent hyperplane of M™~!. Then, the following decomposition occurs:
" (s) = kgS + kyU,

where x4 and k, are geodesic and normal curvatures of r, respectively. Hence, it follows

kg = || (s)||; , where ||-||; indicates the isotropic norm. In addition, by a direct computation,

we have
1 i, dx; dz;
Kp = ———— det (T, ... Ty ) —— —2 2.1
n /det g;; ijZ:1 ( a1y T 1 IZI]) ds ds’ (2.1)
where r,, = 88—; and Tawiw; = %ng, 1<4,7 <n-—1.1If we put
b det (%1, ...,rmnfl,rxixj)
" \/ det gij
into (2.1) then one can be rewritten in the matrix form as
~ o~ dml dl’n,1 T
=1 [hy] -t t= =, .. 2.2
Kn [ ’Lj] , (ds v T g ) ( )
where ”-” denotes the matrix multiplication. If r is a curve with arbitrary parameter, then
(2.2) turns to
7 oh -t
Fop = = ) .
th - [gi] -t

The extreme values of k,,, which we call principal curvatures, correspond to the eigenvalues

of the matrix [h;]-[gi;] " . Let us denote the principal curvatures 1, ..., k1 and put [a;;] =
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[hij] - [9j] . Therefore, the characteristic equation of [a,;] follows
det ([aij] — Mn—1) = A" —tr[ag ] A" 2 + ..+ (=) det [ay] = 0,

which provides the fundamental curvatures, called isotropic Gauss-Kronecker curvature (or
relative curvature) and isotropic mean curvature. We shortly call them Gauss-Kronecker
(K) and mean curvature (H). Obviously, one obtains
det |hj;
K = Ky...kp—1 = det [a;5] or K = th[[g;J']]
and
(n—1)H =K1+ ... + K1 = tr{a;],

where tr denotes the trace of a matrix.

A hypersurface is said to be flat (minimal) if K (H) is identically zero.

Notice that the isotropic counterpart for the notion of shape operator in the Euclidean

sense of a hypersurface is indeed a zero map. The matrix [a;;] however plays the role of the

matrix corresponding shape operator in I".

3. CATEGORIZATION OF TRANSLATION HYPERSURFACES

Let M3 be a translation hypersurface in I* generated by translating three curves lying in
mutually perpendicular k—planes, k = 2,3. Denote the generating curves «, 8,. Up to the

absolute figure of I* there are four types of such hypersurfaces given as follows:

Type 1. Three of a, 3, are isotropic 2-planar. Then M?3 is parameterized by
r(u,v,w) = (u,v,w, f (u) + g (v) + h(w)),

where «, 8 and « lie in z1z4—plane, xoxs—plane and z3z4—plane, respectively.

Type 2. « is non-isotropic 2-planar and 3, vy isotropic 2-planar. Then M?3 is parameterized by
r(u,v,w) = (utv,w, f(u),gv)+hw),

where «, 8 and v lie in x1x3—plane, r1z4—plane and xox4—plane, respectively. Ad-
missibility implies that f is a non-constant function.
Type 3. «, f are non-isotropic 2-planar and v isotropic 2-planar. Then M? is parameterized
by
r(u,v,w) = (u+v+w, f(u),g),h(w)),
where «, 8 and ~ lie in x1x9—plane, r1zx3—plane and x1x4—plane, respectively. Ad-

missibility implies that neither f nor g is a constant function.
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Type 4. Three of a, 3, are non-isotropic hyperplanar. The curves «, 5,y and the hyperplanes

P,, Pg, P, containing them can be choosen as
(U) (
(v) = (

’y(w) (h(w) 6w, —w,w—73%), Py:xg+4wg — 204 = .

f(u),u,u,u+m), Poy:—2x0+ 23+ 24 =5
g (v) E),P5:2$2+£B3+3£B4=7(

Then M? is parameterized by
o7
r(u,v,w) = (f(u)+g(v)+h(w),u+v+6w,u+v—w,u—v+w+6>,

df

where 7& 0 because admissibility.

A translation hypersurface of above one type is no equivalent to that of other type due to
the absolute figure of I*.
We hereinafter denote the derivatives of f, g, h with respect to the given variable by a

prime and so.

4. TRANSLATION HYPERSURFACES OF TYPE 2

For a translation hypersurface of type 2, the matrices of the fundemantal forms are given

by

1+(f) 1 0 1 —1 0
[9:5] = 1 1 0], [gij]‘lz(fl,)2 -1 14+(f)?* 0
0 0 1 0 0 (f)?
and
L0 0
hil=1 0 —¢" 0
0 0 —h"

Hence the Gauss-Kronecker and the mean curvature follows respectively

K _ g/f/lgl/h/l 41
(f1)? 4
and
g 1+ ()
AT

Theorem 4.1. Let M3 be a flat translation hypersurface of type 2 in I*. Then it is a

3H =

+h". (4.2)

cylindrical hypersurface with non-isotropic rulings. Furthermore if M3 has nonzero constant
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Gauss-Kronecker curvature then, up to suitable constants and translations of u,v,w, the

following holds

f(u)=Xuz, g(v) = s, h(w) = Ew?,
where A\, 1, € € R and Au& # 0.
Proof. The (4.1) follows that K vanishes if at least one of f,g,h is a linear function

with respect to the given variable, that is, at least one of the generating curves turns to a non-
isotropic line. Without loss of generality we may assume that f is linear, i.e. f(u) = ciu+ca,

c1,c2 € R, ¢; # 0. Hence, one can be parameterized by
r (U, v, ’UJ) =u (17 07 C1, 0) + (Uv w,C2,9 (U) +h (w)) )

which means that M? is congruent a cylindrical hypersurface with non-isotropic rulings.
Now, let assume that the Gauss-Kronecker curvature is a nonzero constant Kg. So, the (4.1)
leads to

1"
!/

=c3, §¢" =ca4, W' =cs, (4.3)

?

for ¢3,cq,c5 € R and Ky = c3eqcs # 0. After solving (4.3), we obtain
1 1 3
fu)=F+—v-2c3u+cs+ecr, g(v)==+5—(2c4v+cs)2 +c9g
c3 3cy

and

C
h(w) = 2w 4 crow + e,

2
where cg, ...,c11 € R. Up to congruency of I*one may assume ¢; = cg = ¢1; = 0 and up to
3
. . . v/ — 2
a translation on wu, v, wchoose cg = cg = c19 = 0. Besides putting A = icijc?’, W= %

and £ = § completes the proof.

Theorem 4.2. Let M3 be a minimal translation hypersurface of type 2 in I*. Then M?3 is
either a non-isotropic hyperplane or, up to suitable constants and translations of u,v,w, one
of the following cases occurs:
) f=fu), f#0,g9@)=A, h(w)=pw;
) f () = Xuz, g (v) = o, h(w) = fw?, i #0;
(i) £ (u) = Mu, g (v) = po?, h(w) = =535 pw?, Mp # 0;
)

where A\, pu, & € R.



116 MUHITTIN EVREN AYDIN * AND ALPER OSMAN OGRENMIS
Proof. The (4.2) leads to
g 1+ ()
(M (?

The partial derivative of (4.4) with respect to w implies h” = hg, hg € R. If ¢ = 0, we

g +hn"=0. (4.4)

get h(w) = ciw + co. Putting ¢; = p and applying a translation on w implies that M3 is
congruent to the hypersurface given in the case (i) of the theorem. Afterwards we assume
g’ # 0. Then the partial derivative of (4.4) with respect to v yields

f” "

B ()] g =0 (45)

"

If ¢ and ¢ are linearly independent then the contradiction 1+ (f/)? = 0 is obtained. Hence

we have either ¢” =0 or ¢ = kg”, " # 0 and k € R.

(1) ¢" =0. (4.4) can be rewritten by putting ¢’ = go # 0 as
f//
T + ho = 0. (4.6)
Being f” = 0 = hq is a solution to (4.6), which leads M? to be a non-isotropic
hyperplane. If f”hg # 0, (4.6) turns to
f// B @
(* 90

(4.7)

By solving (4.7), we derive

h
f(U)=i%\/2gfzu+03+C4, 9(v) = gov +cs

h
h(w) = ?OwQ + cew + c7.

and

Up to congruency of I* one may assume ¢4 = ¢7 = 0 and up to a translation on u, v, w
choose ¢c3 = c5 = ¢g = 0. After putting A = i%ﬂ /2% and u = go we obtain that
M3 is congruent to the hypersurface given in the case (ii) of the theorem.

(2) ¢" =kg", g #0. (4.5) leads to
=k 1+ ()] (4.8)
Being f” = 0 = k is a solution for (4.8). Therefore we write

C
f(u) = cgu+cg, g(v)= %vQ + 110 + €19,
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2
where cg, ..., c12 € R, cgcig # 0. Considering it into (4.4) concludes h” = —1;68 c11 or
8
14 c2
h(w)=— 2 8 crow? + cr3w + c14,
8

for cq13,c14 € R. As in the previous cases, up to suitable constants and translations,
we obtain that M3 is congruent to the hypersurface given in the case (iii) of the
theorem. Assuming k # 0 in (4.8) yields f” # 0. Also we have ¢’ = k¢’ + 15,1 € R

by integrating ¢” = kg”. Hence substituting (4.8) into (4.4) gives

L+ ()
c15———— + hg = 0. (49)
()?
The admissibility implies that f is a non-constant function and thus we conclude
from (4.9) that c¢;5 = hg = 0, i.e. h(w) = cipw + c17 for ¢4, c17 € R. Because (4.8)

and being ¢” = kg’, we write

1! 1!
- (4.10)
i+ J
After solving (4.10), we obtain
1
f(u) = :l:% arccos (clge_k“) , g(v) = —%el’“’, (4.11)

for c15,c19 € R, c1gc19 # 0. By a change of parameter in (4.11) M? can be parame-
terized as

1

r(a,0,w) = (kln ho

cos kt

,0,11,27) +w (0,1,0,c16)

and is congruent to S? x R, where S? is the isotropic Scherk’s surface of type 2 in I3.

This completes the proof.

Theorem 4.2. immediately implies the following corollary

Corollary 4.1. Let M? be a translation hypersurface of type 2 in I*. Then, H = 0 implies
K =0.

Theorem 4.3. Let M? be a translation hypersurface of type 2 in I* with nonzero constant
mean curvature Hy. Then, up to suitable constants and translations of w,v,w, one of the
following cases occurs:
) f=/(u), f'#0,9(v) =X h(w)=2Fow
(it) f(u) =M, g(v) = pv, h(w) = 350w?, M #0;
(i) f(u) = Muz, g(v) = pv, h(w) = Ew?, Au # 0, 3Ho = 53 +2£ # 0;
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(i) f () = Au, g () = o2, B (w) = €w?, Ap # 0, 3Ho = 22 4 oe 2,

(v) M3 = 8% xP, where S? is the isotropic Scherk’s surface of type 2 in I3 and P is a

parabolic circle in 12 with isotropic curvature 3Hy,
where A\, pu, € € R.

Proof. Reconsidering (4.2) leads to h” = hg, hy € R and therefore we get

g 1+ ()
3Hy = + + ho. 4.12
T T T (12

To solve (4.12), we distinguish two cases:

(1) ¢ = go, go € R. In particular; if go = 0, then we conclude hg = 3Hy and

3
h(w) = §H0w2 +caw+ce, c,c2 €R,

which implies that M3 is congruent to the hypersurface given in the case (i) of the

theorem. Nevertheless; if go # 0 then, by (4.12) we get

3Hy—ho  f"

- T (4.13)

If 3Hy = ho in (4.13), we immediately obtain the proof the case (ii) of the theorem.
Otherwise, after solving (4.13) we obtain

u + c3 + ¢y,

@ . \/ —6Hy + 2hg

=+
3Hy — ho 90

where 3Hy # hg and c3,cq4 € R. Hence, after suitable translations and constants, we

obtain that M? is congruent to the hypersurface given in the case (iii) of the theorem.
(2) ¢” # 0. We consider two cases:

(a) f/=fo#0, fo € R. (4.12) leads to

1+ f2
2f0 g// + h07
o

which implies the proof of the case (iv) of the theorem up to constants and
suitable translations.

3H, =

(b) f” #0. (4.12) implies hy = 3Hy and

o 51+(f’)2 .
(f)° (7?7

where ¢5 € R, ¢5 # 0. After solving (4.14), we obtain

1

= —csq, (4.14)

1
u) = £— arccos (cge®"), g (v 7 g=esv
A

| (4.15)
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for cg,c7 € R, cger # 0. By a change of parameter in (4.15), M3 can be written
as

r(a,0,w) = <iln 7CO)S\;\U

) 0) ’&7 6) + <07 w, 07 ZHO/IUQ) )
which completes the proof of the theorem.

5. TRANSLATION HYPERSURFACES OF TYPE 3

For a translation hypersurface of type 3, the matrices of the fundemantal forms are given

by

N2 1 -1
L+ (f) o1 e 7
] = N2 IR 1 -1
[9i5] 1 1+(¢)" 1|, lgijl] 0 o7 )
1 11 1 1
7 @ YTerter
and
LE 0 0
1 g
[hij] 0 7 0
0 0 A

Hence the Gauss-Kronecker and the mean curvature are respectively

(h/)Q f//g//h//
K=~~~ 5.1
(f'g")’ (&-1)
and
o g”} ,,{ 1 1
3H =h A1+ — 4+ —=. 5.2
[(f’)?’ ) I AT R Pt 2

Theorem 5.1. Let M? be a flat translation hypersurface of type 8 in I*. Then it is a
cylindrical hypersurface with non-isotropic rulings. Furthermore if M3 has nonzero constant
Gauss-Kronecker curvature then, up to suitable constants and translations of u,v,w, the

following holds

where A\, u, & € R and Au& # 0.

Proof. The (5.1) follows that K vanishes if at least one of f, g, h is a linear function
with respect to the given variable; that is, at least one of the generating curves turns to
be a non-isotropic line. Without loss of generality we may assume that f is linear, i.e.

f(u) = cru+co, c1,c0 € R, ¢1 # 0. Hence, M? can be parameterized by

r(u,v,w) =u(l,c1,0,0) + (v +w,c2,9 (v) + h(w)),
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which means that it is congruent to a cylindrical hypersurface with non-isotropic rulings.

Now, let us assume that K is a nonzero constant. So, (5.1) leads to

Loz oz (0= e 53

for ¢3,cq,c5 € R and c3eqcs # 0. After solving (5.3), we obtain

1 1
f(u) = :i:c—\/—203u +cg+c7, g(v) = :I:C—\/—2C4v + cg + ¢
3 4

and

1 4
h(w) = yre (Besw + c10)3 + e,

where cg,...,c11 € R. Up to congruency of I*one may assume ¢; = ¢g = ¢11 = 0 and up

v —2c3

to a translation on u,v,wwe choose cg = cg = c19 = 0. Eventually, putting A = =2 5

4
= W#T‘M and £ = % completes the proof.

Theorem 5.2. Let M3 be a minimal translation hypersurface of type 3 in 1. Then, M3 is
either a non-isotropic hyperplane or, up to suitable constants and translations of u,v,w, one

of the following cases occurs:

M3 = 82 x R, where S? is the isotropic Scherk’ s surface of type 2 in I3;

1 1 Au U
(iv) f () = nln | HVEEEE o () = e, g (0) = i [ o g (0) = €=,
h(w) = pe™, where n, Kk, \, 1, &, w0, p, T are nonzero constants.
Proof. Due to H = 0, (5.2) reduces to
f// g// 1 1
h’[ + +h 1+ —5+—5| =0. (5.4)
(M (9’ (M (9

It immediately follows from (5.4) that A’ and h” can not be linearly independent. In this
manner we have either h’ = 0 or h” = c1h’, ' # 0 and ¢; € R. Being b’ = 0 implies that M3
is congruent to the hypersurface given in the first case of the theorem. Now we assume that

' = c1h/ and W' # 0. To solve (5.4) there are two cases:

(1) ¢1 =0, i.e. h(w)=cow + c3, c2,¢c3 € R, c2 # 0. Hence (5.4) reduces to

" o
fi:&;:ig c4 € R. (55)

(f? (9"
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If ¢4, = 0, then M3 turns to be a non-isotropic hyperplane. Otherwise, i.e. ¢4 # 0,

solving (5.5) leads to

1 1
fu) = +—vV=2cqu+c5+co, g(v) =+ V200 + 7+ s,
4 4

where ¢, ...,cs € R. Up to congruency of I* one may assume cg = cg = 0. We may

aslo choose c3 = ¢5 = ¢7 = 0 up to a translation on u,v,w. By putting \ = 17242@1

and p = c3, we obtain that M3 is congruent to the hypersurface given in the case (ii)

of the theorem.

c1 # 0. Then (5.4) yields

1! /!
/ c1 g c1

G2 @P @)

5 = —Cq, (56)

where the roles of f and g are symmetric and thus it is enough to discuss the situation
on f. We have two cases:

(a) f"= fo € R. (5.6) implies

2.1
Jog - _— (5.7)
g |1+ 8) (9 + 3]
After solving (5.7), we obtain
g(v) = j:L arccos (cg [1+ f02] e ), cg €R, ¢y #0.
1+ f§

On the other hand, since b’ = c1h’ we get h (w) = ¢10e“'™, ¢10 € R, ¢19 # 0. By
a change of parameter and up to suitable constants and translations we derive
that M?3 is congruent to the hypersurface given in the case (iii) of the theorem.

(b) f"” # 0. By symmetry, we have ¢g” # 0. Thereby, (5.6) implies

f// c

1
——— + —— =11, (5.8)
U* ()’
and
g// Cl
+ = C12, (59)
(¢ (9
where ¢11,c12 € R and ¢13 = —¢; — ¢11. From (5.8), we have

—1

2
f/ (u) = £ <Cclll + 0011362”“> , c13 € R, ¢13 # 0. (5.10)
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-1
If ¢y1 = 0 in (5.10), then we can derive f (u) = F (@) ? e~a%, Otherwise, we

C1

1 + /1 + mezqu
tanh ™! 1+ 43 oeru ) — ! In o )
ci1 2v/cica |1 /14 ase2au
C11

Same solutions are also satisfied to (5.9). Up to suitable constants we complete

get

1
flu)=———

the proof.

Theorem 5.3. Let M? be a translation hypersurface of type 3 in I* with nonzero constant
mean curvature Hy. Then, up to suitable constants and translations of w,v,w, one of the

following cases occurs:

(u) = X, g (v) = (570) " b (w) = pw, At # 0
(i) f(u) =Muz, g(v) = pvz, h(w) = Ew, \ué # 0;
() = dt, g (v) = v, b (w) = 58O, a £ 0,

where A\, p, £ € R,

Proof. Due to Hy # 0, h cannot be constant in (5.2). We have to distinguish several
cases to solve (5.2):
(1) ¥ = hg € R, hg # 0. Then we write h (w) = how + ¢1, ¢1 € R. (5.2) reduces to
3H 1" !
3H_ S -+ (5.11)
ho ()" (g

where the roles of f and g are symmetric and so the situation on g is only considered.

(a) ¢" =0, g(v) = cov + c3, ca,c3 € R, cg # 0. Then (5.11) reduces to

2 3H
/ ;== (5.12)
(f)" ho
and solving (5.12) gives
1 6H,
f(u) = I —h—0u+04—1—05, cy,c5 € R.

ho
Up to congruency of I* one may assume c5 = 0 and up to a translation on u, v

6H,
ho/—2220
0 hg

and w choose ¢; = ¢3 = ¢4 = 0. Furthermore by putting A = —m 2= M
and hg = € we conclude that M3 is congruent to the hypersurface given in the
case (i) of the theorem.

(b) ¢"” # 0. Hence (5.11) implies

1 3H d

g
(f/)3 = hio — ¢¢ and W =cg, c6 ER, ¢ 7é 0. (513)
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Solving (5.13) gives

1 3Hy
f(u) ::l:?M\/Q <hOC6>U+C7+CB

and
1
g(v) = :I:C—\/—2cﬁv + cg + c10,
6

for c¢7,...,c10 € R. As in previous case, after applying suitable translations and
choosing constants, the case (ii) of the theorem is proved.

(2) K" #0.If f" =0=g", then (5.2) leads to
h(w) = cnw? + crpw + i3,

where ¢11, c12, c13 € R. Up suitable translations and constants this implies the proof
of the case (iii) of the theorem. If f”¢"” # 0, dividing (5.2) with A’ and taking its
partial derivative with respect to w, we deduce
" n
—3H0(Z/)2 = (Z) [1+U1/)2+(;)2 : (5.14)
Both-hand side must be nonzero in (5.14) and thus we can rewrite it as follows:
VA 1 1
3 (5)] =1+ oot o (5.15)
This is a contradiction due to the fact that the right-hand side of (5.15) cannot be a

constant. This completes the proof.

Theorem 5.3. immediately implies

Corollary 5.1. Let M? be a translation hypersurface of type 3 in 1*. Then, H = const. # 0

implies K = 0.

6. TRANSLATION HYPERSURFACES OF TYPE 4

For a translation hypersurface of type 4, the matrices of the fundemantal forms are given
by
24 () 2+ f9 5+ fH
lgijl=| 2+ f'd 2+()* 5+4gN
541 54+g'h 37+ (W)
1

==X

]71
49 (f — ¢

[gi j
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37(g") 2 +2(W)? —10g'W'+49  5f W +5g' W —37f'g'—2(W)> =49 5f g'+2¢'h'—2f'W =5 (¢')?
X 570 +5g' W =37f'g—2(h)> =49 37(f) +2(W)° —10f'W'+49  5f'g'+2f'h'—2¢'h'—5 (f')?

5f g +2g'h —2f'h' -5 (¢')° 519 +2f W —2¢'l =5 (f')? 2(f)°+2(g) -4f'g
and
f// 0 O
2 1’
[hij] = g |0 90
0 0 h"

Hence the Gauss-Kronecker and the mean curvature are respectively

8f/lg//h//
T —g) oy
and
_ 2 AY n2 N "
3H = 5% { [37 (9")" +2(h)” —10g'n" + 49] i+ 6.2)

[T+ 2 (W) =100 9] g 20 (1 - )}
The roles of f and g are symmetric in (6.2) and, while solving it, the situations depending on f are

only considered.

Theorem 6.1. If a translation hypersurface of type 4 in I* has nonzero constant Gauss-Kronecker

curvature Kg, then it is a cylindrical hypersurface with non-isotropic rulings, namely Ky = 0.

Proof. Assume that K = Ky # 0, it then follows from (6.1) that f”¢”h"” # 0. Hence (6.1)

reduces to

49K "1
0 _ f"g (6.3)

8ho (' —g)"
where h' = hg # 0, hy € R. The partial derivative of (6.3) with respect to u yields

2

(=g =5(f") =0. (6.4)

The fact that the coefficient of the term ¢’ in (6.4) must be zero leads to the contradiction f” =0
Therefore K vanishes and at least one of f, g, h is a linear function with respect to the given variable;

that is, at least one of the generating curves turns to be a non-isotropic line. Without loss of generality

we may assume that f is linear, i.e. f(u) = ciu+ ¢, ¢1,¢c2 € R. Hence, one can be parameterized by
r(u,v,w) =u(c,1,1,1)+
(c2+g () +h(w),v+6wv—w—v+w+ ).

which means that it is congruent to a cylindrical hypersurface with non-isotropic rulings.

Theorem 6.2. Let M3 be a minimal translation hypersurface of type 4 in I*. Then M?3 is either a
non-isotropic hyperplane or, up to suitable constants and translations of u,v,w, one of the following

cases holds:

(i) f(u):)\u7g(v):)\v—iln|uv|,h(w):%w—i—iln 00577”2?‘2“11) , e # 0;
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(i) f(u) = Au— %ln\cos§w| ,g(v) =X v+ ﬁln|cos§w|7 h(w) = 32w, p& # 0,
where \, 1, & € R,

Proof. The (6.2) follows

0= [37 (¢)? +2 (W)* — 10g'h + 49} "

(6.5)
+[3TU +2(0)7 = 10N +49] g+ 20 (1~ g')?
We have two cases to solve (6.5):
(1) f' = fo, fo € R. (6.5) can be rewritten as
1 Qh//
J (6.6)

5 T 2 =0
(fo—g)"  2(W)" = 10foh’ + 37f5 +49
The situation that ¢” = h" = 0, ¢ # fo, leads M3 to be a non-isotropic hyperplane. If
g"h" #0, (6.6) implies

g// B B YN
Jo—g)?

2(h)? —10foh! + 3Tf2 + 49’
where ¢; € R, ¢; # 0. After solving (6.7), we conclude

1
g (v) = fov— C—1n|clv+02|+03
1

and

h(w):—w+lln

2 1 + c¢s,

2

2 2
o <761 VIER C4>

where ¢y, ...,cs € R. Up to congruency of I* one may assume c3 = c5 = 0 and up to a
translation on v and w, choose ¢co = ¢4 = 0. Furthermore by putting A = fy and u = ¢y, we
obtain that M3 is congruent to the hypersurface given in the case (i) of the theorem.
(2) f” # 0. By symmetry, we deduce g”" # 0. We have two cases:
(a) h' = hg, ho € R. (6.5) can be rewritten as

f// _g//
= Cg = s
37(f) — 10hof' + 49+ 212 37(g")® — 10hog’ + 49 + 2h2

for ¢g € R, ¢ # 0. Solving (6.8), we conclude

—1 5ho
= 71
f(u) s |cos (ceku + c7)| + St cs
and
1 5h
g(v) = 37 In [cos (—kAv + c)| + 37701) + c10,

where ¢, ...,c10 € R and k = /1813 + 12h2. As in previous case; after applying suitable

translations and choosing constants, we complete the proof of the case (ii) of the theorem
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(b) B # 0. Taking partial derivative of (6.5) with respect to w,v,w and then dividing
f"qg"h" yields

f/l/ gl// h///

which leads to
" =cnf”, g" =cag”, B = c1sh”, (6.9)
for ¢11, c12,c13 € R with 5¢11 + 5e1a + 2¢13 = 0. Integrating (6.9) gives
f"=cuf +cua, ¢ =ci2g + 15, B = ci3h’ + cas,

for cy4, c15,¢16 € R. On the other hand, taking partial derivative of (6.5) with respect

to w and dividing A" leads to

(4h/ _ 109!) f// _|_ (4h/ _ lof/) g// _|_ 2h/l/ (f/ _ g/)2

= 0. (6.10)
If we substitute (6.9) into (6.10), then
(40" —10g") (crr f' + c1a) + (4h' —10f") (cr2g' + c15) + 2e13 (f' — ¢')* = 0,
which is a polynomial equation on f’ or ¢’. This immediately gives c¢13 = 0, i.e.

(4h' —10g") (c11f’ + c1a) + (40 —10f") (c129" + c15) = 0. (6.11)
Taking partial derivative of (6.11) with respect to w and dividing 4h” implies

C11f/ + Clgg/ + c14 + c15 =0,

which means ¢;; = ¢12 =0, i.e. f”" = ¢ = h"" = 0. Considering it into (6.5) and then

taking parital derivatives its with respect to u and v yield
_4f//g//h// -0
which gives a contradiction.

Theorem 6.3. Let M3 be a translation hypersurface of type 4 in I* with nonzero constant mean
curvature Hy. Then, up to suitable constants and translations of u,v,w, one of the following cases

holds:

(v) = po, h(w) = e (X = p)w?, X # p;
(v) = Mo+ =, h(w) = Ew, p#0,

where A\, u, € € R.

Proof. We have several cases to solve (6.2):
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(1) f' = fo € R. (6.2) then reduces to
e (fo—g)° = [2(0) = 10/l + 3773 +49] ¢" + 21" (fo — ¢')* (6.12)
where ¢; = 220 £ 0. If ¢’ = gy € R and fy # go in (6.12), then we immediately have

147 H,
h(w) = S % (fo — go) W + cow + c3, 2,05 € R.

If we put A = fo, 1t = go and apply suitable translations on u, v, w, then we prove that M? is
congruent to the hypersurface given in the case (i) of the theorem. Next we assume g’ # 0
and consider the following cases:

(a) h' = ho € R. (6.12) follows

1

g
(fo—9g')°

for ¢4y = 37f§+2h§illohofo+49' Solving (6.13) leads to

= C4, (613)

1 1
g (v) = fov £ . (2c4v + ¢5)? + cg, c5,06 € R.
4

As in previous case; after applying suitable translations and choosing constants, we
prove the case (ii) of the theorem.
(b) R # 0. The partial derivative of (6.12) with respect to w gives
g n

= .14
(fo—9g')° T (20" —5fo) O (6.14)
where "' 2 0 due to g” # 0. (6.14) implies
g// B B h///
Go—g® " W@W-5f) (615)

where ¢7 € R, ¢7 # 0. Considering (6.15) into (6.12) leads to
Afo—g) = [2 (')? = 101 fo + 372 + 49} cr 420", (6.16)

The contradiction g” = 0 is obtained by taking partial derivative of (6.16) with respect
to v.
(2) f" #0. The symmetry follows ¢”" # 0. We have two cases:

(a) B =0, k' = hy. (6.2) can be rewritten as

147H, (f'—¢')° _

2
(6.17)
37 (¢")? + 2h% — 10g'ho + 49] ot [37 (f)2 +2h2 — 10f"ho + 49] a

Twice partial derivatives of (6.17) with respect to v and v give
f/// / g/// /
(f'/ g// + ? f// — 0’

f/// / g,,, /
(f,/> = csf”, (Q,,) = —csg”, s €R. (6.18)

which yields
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Integrating (6.18) leads to
" "
T = cgf' + o9, P —cgg' + c10, co,c10 € R.

Now taking partial derivative of (6.17) with respect to u and dividing f” gives

‘ Q

441H, (' — ¢')?
M — [37 (g/)Q + th i 1()glh0 +49 (Csf, + ClO) + [74f/ + 10h0] g/l.

The last equation is a polynomial equation on f’; however, the leading coefficient is
74412110 which cannot be zero. This is a contradiction.

(b) B # 0. Let us put ® = 4THo (f/ —¢')®. Then considering (6.2) and the equation

% = 0 gives
" " "
5% + 5957 + 2% =0,
or
f/// = Cllf//, g/// = Clgg//, h”/ = Clgh//7 (619)

for ¢11, c12, c13 € R with 5¢11 + 5e12 + 2¢13 = 0. Integrating (6.19) gives
" =caf +ca, ¢" =cag + 15, B = csh’ + 6. (6.20)

Plugging (6.20) into (6.2) gives a polynomial equation on f’; however, the leading coef-

ficient is MEA which cannot be zero. This completes the proof.

Theorem 6.3. immediately implies

Corollary 6.1. Let M3 be a translation hypersurface of type 4 in I*. Then, H = const. # 0 implies
K =0.
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