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FIXED POINT THEOREMS OF HYBRID PAIRS OF SELF-MAPPINGS

IN METRIC SPACE VIA NEW FUNCTIONS

MUZEYYEN SANGURLU SEZEN∗ AND ARSLAN HOJAT ANSARI

Abstract. In this article, we establish some fixed point theorems for new type generalized

contractive mappings involving C-class functions in metric spaces. We provide an example

in order to support the useability of our results. These results generalize some well-known

results in the literature.

1. Introduction and Preliminaries

Banach [2] introduced a contraction principle which has been extended by many authors

to more general contractive conditions in different spaces, for example (see [5–9]) . Kannan

obtained the same conclusion as Banach’s Theorem with different sufficient conditions (see

[11,12]). The conclusion is called Kannan contraction: A mapping T on a metric space (X, d)

and if there exists α ∈ [0, 12) such that

δ(Sx, Ty) ≤ α[d(fx, Sx) + d(gy, Ty)]

for all x, y ∈ X. Subrahmanyam [17] constructed to show that a metric space having the

fixed point property for homeomorphisms need not be metrically topologically complete.
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Also, he proved that: A metric space (X, d) is complete if and only if every Kannan

contraction has a fixed point on X. On the other hand Markin [13] and Nadler [14] initiated

the study of fixed points of set valued and multivalued mappings using the Hausdorff metric.

Tomar et al. proved strict coincidence and common strict fixed point of strongly tangential

hybrid pairs of self-mappings satisfying Kannan type contraction [18].

In this paper, we present new general results of strongly tangential hybrid pairs of self-

mappings satisfying Kannan type contraction involving C-class functions. Also we establish

coincidence and common fixed point using Hausdorff distance. The obtained results extend

many recent results in the literature.

Let (X, d) be a metric space and CB(X) be the family of all nonempty closed and

bounded subsets of X. Functions δ(A,B) and D(A,B) are defined as: δ(A,B) and D(A,B) =

inf{d(a, b) : a ∈ A, b ∈ B}

for all A,B ∈ CB(X). If A = {a}, then δ(A,B) = δ(a,B). If A = {a} and B = {b}, then

δ(A,B) = d(a, b). It follows immediately from the definition of δ that

(a) δ(A,B) = δ(B,A) > 0,

(b) δ(A,B) ≤ δ(A,C) + δ(C,B),

(c) δ(A,B) = 0 iff A = B = {a},

(d) δ(A,A) = diamA, for all A,B,C ∈ CB(X).

Let H be the Hausdorff metric with respect to d, that is,

H(A,B) = max{sup
x∈A

d(x,B), sup
x∈B

d(x,A)},

where d(x,A) = inf{d(x, y) : y ∈ A} for all A ∈ CB(X). Also H(A,B) = 0 iff A = B.

Let (X, d) be a metric space and h : X → X be a single valued mapping and T : X →

CB(X) be a multivalued mapping. Then (h, T ) is called a hybrid pair of mapping. For a

multivalued mapping T : X → CB(X), a point u ∈ X is

(a) fixed point if u ∈ Tu,

(b) strict fixed point (or a stationary fixed point or absolute fixed point) if Tu = {u}. For

a hybrid pair (h, T ), a point u ∈ X is
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(c) coincidence point if hu = Tu,

(d) strict coincidence point if Tu = {hu},

(e) common fixed point if u = hu ∈ Tu,

(f) common strict fixed point if hu = Tu = {u}.

Definition 1.1. [10] Let (X, d) be a metric space. A hybrid pair of mappings (h, T ) is weakly

commuting if hTx ∈ CB(X) and δ(Thx, hTx) ≤ max{δ(hx, Tx), diam(hTx)} for all x ∈ X.

Note that if T is a single valued mapping, then the set {hTx} consists of a single point.

Hence, diamhTx = 0 for all x ∈ X and definition of weak commutativity of a hybrid pair

of self mappings reduces to the weak commutativity of a single valued pair of self mappings

given by Sessa [15], that is, d(Thx, hTx) ≤ d(hx, Tx) for all x ∈ X.

Definition 1.2. [16] Let (X, d) be a metric space. A pair of single valued self mappings

(h, g) is tangential with respect to a pair of multivalued self mappings (S, T ) if

lim
n→∞

Sxn = lim
n→∞

Tyn = A ∈ CB(X)

whenever {xn} and {yn} are sequences in X such that

lim
n→∞

hxn = lim
n→∞

gyn = z ∈ A for some z ∈ X.

Definition 1.3. [3] Let (X, d) be a metric space. A pair of single valued self mappings (h, g)

is strongly tangential with respect to a pair of multivalued self mappings (S, T ) if

lim
n→∞

Sxn = lim
n→∞

Tyn = A ∈ CB(X)

whenever {xn} and {yn} are sequences in X such that

lim
n→∞

hxn = lim
n→∞

gyn = z ∈ A for some z ∈ hX ∩ gX.

Definition 1.4. [3] Let (X, d) be a metric space. A single valued self mapping h is strongly

tangential with respect to multivalued self mapping T if

lim
n→∞

Txn = lim
n→∞

Tyn = A ∈ CB(X)

whenever {xn} and {yn} are sequences in X such that

lim
n→∞

hxn = lim
n→∞

hyn = z ∈ A for some z ∈ hX.

Definition 1.5. [4] Let h : X → X be a single valued mapping while T : X → CB(X) be a

multivalued mapping. The mapping h is said to be coincidentally idempotent with respect to

mapping T , if hx ∈ Tx imply hhx = hx.
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Definition 1.6. [1] A mapping f : [0,∞)2 → R is called C-class function if it is continuous

and satisfies following conditions:

(1) f(s, t) ≤ s,

(2) f(s, t) = s implies that either s = 0 or t = 0, for all s, t ∈ [0,∞) and f(0, 0) = 0.

We denote C-class functions as C.

2. Main Results

Let Φ denote all functions ϕ : [0,∞) −→ [0,∞) which satisfy

(1) ϕ is continuous and non-decreasing,

(2) ϕ(t) = 0 and only if t = 0,

(3) ϕ(t) < t, for all t ∈ (0,∞) and Ψ denote all functions ψ : [0,∞) −→ [0,∞) which

satisfy

(1) ψ(0) ≥ 0, ψ(t) > 0 for all t > 0

(2) ψ(t) ≤ t, for all t ∈ (0,∞).

Theorem 2.1. Let (X, d) be a metric space and h, g : X → X be single valued and S, T :

X → CB(X) be multi-valued mappings. If ϕ ∈ Φ, ψ ∈ Ψ and f is element of C such that

ψ(δ(Sx, Ty)) ≤ f(ψ(d(hx, Sx) + d(gy, Ty)), ϕ(d(hx, Sx) + d(gy, Ty))) (2.1)

for all x, y ∈ X and pair of (h, g) is strongly tangential with respect to (S, T ). Then pairs

(h, S) and (g, T ) have strict coincidence point. Morever, h, g, S and T have a unique common

strict fixed point if hybrid pairs (h, S) and (g, T ) are coincidentally idempotent.

Proof. Suppose that (h, g) is strongly tangential with respect to (S, T ). We introduce

{xn} and {yn} in X such that lim
n→∞

hxn = lim
n→∞

gyn = z ∈ A = lim
n→∞

Sxn = lim
n→∞

Tyn, where

A ∈ CB(X) and z ∈ hX ∩ gX. Hence, there exists u, v ∈ X such that hu = gv = z. Now we

claim that z = hu ∈ Su. We take x = u and y = yn in (2.1),

ψ(δ(Su, Tyn)) ≤ f(ψ(d(hu, Su) + d(gyn, Tyn)), ϕ(d(hu, Su) + d(gyn, T yn))).

Taking limit as n→∞, we get,

ψ(d(hu, Su)) ≤ ψ(δ(Su,A)) ≤ f(ψ(d(hu, Su)), ϕ(d(hu, Su))) ≤ ψ(d(hu, Su)).

Then, we have

f(ψ(d(hu, Su)), ϕ(d(hu, Su))) = ψ(d(hu, Su)).
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From the property of f, we get

ψ(d(hu, Su)) = 0 or ϕ(d(hu, Su)) = 0 so d(hu, Su) = 0.

Therefore, hu ∈ Su, that is, δ(Su,A) = 0 and so we get Su = {hu}. Hence, h and S have a

strict coincidence point. Now we show that z = gv ∈ Tv, using x = xn and y = v in (2.1)

ψ(δ(Sxn, T v)) ≤ f(ψ(d(hxn, Sxn) + d(gv, Tv)), ϕ(d(hxn, Sxn) + d(gv, Tv)).

Taking limit as n→∞, from property of f , we get

ψ(δ(A, Tv)) ≤ f(ψ(d(gv, Tv)), ϕ(d(gv, Tv)) ≤ ψ(d(gv, Tv))) ≤ ψ(d(z,A)).

From gv = z ∈ A, we have

ψ(d(gv, Tv)) ≤ ψ(δ(A, Tv)) ≤ f(ψ(d(gv, Tv)), ϕ(d(gv, Tv))) ≤ ψ(d(gv, Tv)).

So,

ψ(d(gv, Tv)) = 0 or ϕ(d(gv, Tv)) = 0 so d(gv, Tv) = 0.

Therefore, gv ∈ Tv, that is, δ(Tu,A) = 0 and so we have Tv = {gu}. Hence, g and T

have a strict coincidence point. Thus, z ∈ Su = Tv = {z}. Now since (h, S) is coincidentally

idempotent, hu ∈ Su implies hhu = hu ∈ Su. Now we claim that z = hz ∈ Sz. We take

x = z and y = yn in (2.1),

ψ(δ(Sz, Tyn)) ≤ f(ψ(d(hu, Su) + d(gyn, T yn)), ϕ(d(hu, Su) + d(gyn, Tyn))).

Taking limit as n→∞, we get,

ψ(d(hu, Su)) ≤ ψ(δ(Sz,A)) ≤ f(ψ(d(hz, Sz)), ϕ(d(hz, Sz))) ≤ ψ(d(hz, Sz)).

Since hz = z ∈ A, we get,

ψ(d(hz, Sz)) ≤ ψ(δ(Sz,A)) ≤ f(ψ(d(hz, Sz)), ϕ(d(hz, Sz))) ≤ ψ(d(hz, Sz)).

So,

ψ(d(hz, Sz)) = 0 or ϕ(d(hz, Sz)) = 0 so d(hz, Sz) = 0.

Therefore, hz ∈ Sz, that is, δ(Sz,A) = 0 and so we have Sz = {hz = z}. Similarly, (g, T )

is coincidentally idempotent gv ∈ Tv implies ggv = gv ∈ Tv.

Now we claim that z = gz ∈ Tz. We take x = xn and y = z in (2.1),

ψ(δ(Sxn, T z)) ≤ f(ψ(d(hxn, Sxn) + d(gz, Tz)), ϕ(d(hxn, Sxn) + d(gz, Tz))).



242 MUZEYYEN SANGURLU SEZEN∗ AND ARSLAN HOJAT ANSARI

Taking limit as n→∞, we get,

ψ(δ(A, Tz)) ≤ f(ψ(d(z,A) + d(gz, Tz)), ϕ(d(z,A) + d(gz, Tz)))

or

ψ(δ(A, Tz)) ≤ f(ψ(d(gz, Tz)), ϕ(d(gz, Tz))).

Since gz = z ∈ A, we get,

ψ(d(gv, Tz)) ≤ ψ(δ(A, Tz)) ≤ f(ψ(d(gz, Tz)), ϕ(d(gz, Tz))).

Then,

ψ(d(gz, Tz)) = 0 or ϕ(d(gz, Tz)) = 0 so d(gz, Tz) = 0.

Hence, gz ∈ Tz, that is, δ(Tz,A) = 0 and so we get Tz = {gz = z}. Therefore z is a common

strict fixed point of h, g, T and S.

Let z and w be two common strict fixed points such that z 6= w. Now from (2.1), we

have,

ψ(δ(Sz, Tw)) ≤ f(ψ(d(hz, Sz) + d(gw, Tw)), ϕ(d(hz, Sz) + d(gw, Tw)))

≤ f(0, 0) ≤ 0.

δ(Sz, Tw) ≤ 0

but

δ(Sz, Tw) > 0

which is a contradiction. Hence, z is a unique common strict fixed point of h, g, T and S.

Taking h = g and T = S in Theorem 2.1, we obtain the following corollary.

Corollary 2.1. Let (X, d) be a metric space and h : X → X be single valued and T : X →

CB(X) be multi-valued mapping. If ϕ ∈ Φ, ψ ∈ Ψ and f is element of C such that

ψ(δ(Tx, Ty)) ≤ f(ψ(d(hx, Tx) + d(hy, Ty)), ϕ(d(hx, Tx) + d(hy, Ty))) (2.2)

for all x, y ∈ X and pair of h is strongly tangential with respect to T . Then h and T have

strict coincidence point. Morever, h and T have a unique common strict fixed point if hybrid

pair (h, T ) is coincidentally idempotent.
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Theorem 2.2. Let (X, d) be a metric space and h, g : X → X be single valued and S, T :

X → CB(X) be multi-valued mapping. If ϕ ∈ Φ, ψ ∈ Ψ and f is element of C such that

ψ(H(Sx, Ty)) ≤ f(ψ(d(hx, Sx) + d(gy, Ty)), ϕ(d(hx, Sx) + d(gy, Ty)) (2.3)

for all x, y ∈ X and pair of (h, g) is strongly tangential with respect to (S, T ). Then pairs

(h, S) and (g, T ) have coincidence point. Morever, h, g, S and T have a common fixed point

if hybrid pairs (h, S) and (g, T ) are coincidentally idempotent.

Proof. Suppose that (h, g) is strongly tangential with respect to (S, T ). We introduce

{xn} and {yn} in X such that lim
n→∞

hxn = lim
n→∞

gyn = z ∈ A = lim
n→∞

Sxn = lim
n→∞

Tyn, where

A ∈ CB(X) and z ∈ hX ∩ gX. Hence, there exists u, v ∈ X such that fu = gv = z. Now we

claim that z = hu ∈ Su. We take x = u and y = yn in (2.3),

ψ(H(Su, Tyn)) ≤ f(ψ(d(hu, Su) + d(gyn, T yn)), ϕ(d(hu, Su) + d(gyn, Tyn))).

Taking limit as n→∞, we get,

ψ(d(hu, Su)) ≤ ψ(H(Su,A)) ≤ f(ψ(d(hu, Su)), ϕ(d(hu, Su))) ≤ ψ(d(hu, Su)).

Then, we have

f(ψ(d(hu, Su)), ϕ(d(hu, Su))) = ψ(d(hu, Su)).

From the property of f, we get

ψ(d(hu, Su)) = 0 or ϕ(d(hu, Su)) = 0 so d(hu, Su) = 0.

Hence, hu ∈ Su. Hence, h and S have a coincidence point. Now we show that z = gv ∈ Tv,

using x = xn and y = v in (2.3)

ψ(H(Sxn, T v)) ≤ f(ψ(d(hxn, Sxn) + d(gv, Tv)), ϕ(d(hxn, Sxn) + d(gv, Tv))).

Taking limit as n→∞, from property of f , we get

ψ(H(A, Tv)) ≤ f(ψ(d(gv, Tv)), ϕ(d(gv, Tv))) ≤ ψ(d(gv, Tv)) ≤ ψ(d(z,A)).

From gv = z ∈ A, we have

ψ(d(gv, Tv)) ≤ ψ(H(A, Tv)) ≤ f(ψ(d(gv, Tv)), ϕ(d(gv, Tv))) ≤ ψ(d(gv, Tv)).

So,

ψ(d(gv, Tv)) = 0 or ϕ(d(gv, Tv)) = 0 so d(gv, Tv) = 0.
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Therefore, gv ∈ Tv. Hence, g and T have a coincidence point. Thus, z ∈ Su = Tv = {z}.

Now since (h, S) is coincidentally idempotent, hu ∈ Su implies hhu = hu ∈ Su. Now we

claim that z = hz ∈ Sz. We take x = z and y = yn in (2.3),

ψ(H(Sz, Tyn)) ≤ f(ψ(d(hu, Su) + d(gyn, T yn)), ϕ(d(fu, Su) + d(gyn, Tyn))).

Taking limit as n→∞, we get,

ψ(d(hu, Su)) ≤ ψ(H(Sz,A)) ≤ f(ψ(d(hz, Sz)), ϕ(d(hz, Sz))) ≤ ψ(d(hz, Sz)).

Since hz = z ∈ A, we get,

ψ(d(hz, Sz)) ≤ ψ(H(Sz,A)) ≤ f(ψ(d(hz, Sz)), ϕ(d(hz, Sz))) ≤ ψ(d(hz, Sz)).

So,

ψ(d(hz, Sz)) = 0 or ϕ(d(hz, Sz)) = 0 so d(fz, Sz) = 0.

Hence, hz ∈ Sz. Similarly, (g, T ) is coincidentally idempotent gv ∈ Tv implies ggv = gv ∈ Tv.

Now we claim that z = gz ∈ Tz. We take x = xn and y = z in (2.3),

ψ(H(Sxn, T z)) ≤ f(ψ(d(hxn, Sxn) + d(gz, Tz)), ϕ(d(hxn, Sxn) + d(gz, Tz))).

Taking limit as n→∞, we get,

ψ(H(A, Tz)) ≤ f(ψ(d(z,A) + d(gz, Tz)), ϕ(d(z,A) + d(gz, Tz)))

or

ψ(H(A, Tz)) ≤ f(ψ(d(gz, Tz)), ϕ(d(gz, Tz))).

Since gz = z ∈ A, we get,

ψ(d(gv, Tz)) ≤ ψ(H(A, Tz)) ≤ f(ψ(d(gz, Tz)), ϕ(d(gz, Tz))).

Then,

ψ(d(gz, Tz)) = 0 or ϕ(d(gz, Tz)) = 0 so d(gz, Tz) = 0.

Thus, gz ∈ Tz. Therefore z is a common fixed point of h, g, T and S.

Let z and w be two common fixed points such that z 6= w. Now from condition (1), we

have,

ψ(H(Sz, Tw)) ≤ f(ψ(d(hz, Sz) + d(gw, Tw)), ϕ(d(hz, Sz) + d(gw, Tw)))

≤ f(0, 0) ≤ 0.

H(Sz, Tw) ≤ 0
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but

H(Sz, Tw) > 0

which is a contradiction. Hence, z is a unique common fixed point of h, g, T and S.

Taking h = g and T = S in Theorem 2.2, we obtain the following corollary.

Corollary 2.2. Let (X, d) be a metric space and h : X → X be single valued and T : X →

CB(X) be multi-valued mapping. If ϕ ∈ Φ, ψ ∈ Ψ and f is element of C such that

ψ(H(Tx, Ty)) ≤ f(ψ(d(hx, Tx) + d(hy, Ty)), ϕ(d(hx, Tx) + d(hy, Ty)) (2.4)

for all x, y ∈ X and pair of h is strongly tangential with respect to T . Then h and T have

coincidence point. Morever, h and T have a common fixed point if hybrid pair (h, T ) is

coincidentally idempotent.

Example 2.1. Let X = [0, 5], d be usual metric on X, Let a hybrid pair of mappings h,T :

X → X by

hx =

 4−x
2 , x ∈ [0, 2]

4 , x ∈ (2, 5]
and Tx =

 {43} , x ∈ [0, 2]

1 , x ∈ (2, 5]
.

Define ψ,ϕ : [0,+∞) → [0,+∞) by ψ(t) = t
5 , ϕ(t) = 3t and F (s, t) = ks for k ∈ (0, 1).

Consider two sequences {xn} and {yn} such that xn = 4
3 −

1
n and yn = 4

3 for all n > 1.

Clearly lim
n→∞

hxn = lim
n→∞

hyn = 4
3 ∈ {

4
3} = lim

n→∞
Txn = lim

n→∞
Tyn and 4

3 ∈ hX. Hence h

is strongly tangential with respect to T. The point z = 4
3 is a strict coincidence point and

hh4
3 = h4

3 , that is, (h, T ) is coincidentally idempotent.

For x, y ∈ [0, 2], we have

ψ(δ(Tx, Ty)) = 0 ≤ k.2d(hx, Tx)

5
,

for x ∈ [0, 2] and y ∈ (2, 5], we have

ψ(δ(Tx, Ty)) =
1

3
≤ k.d(hx, Tx) + d(hy, Ty)

5
,

for x, y ∈ (2, 5], we have

ψ(δ(Tx, Ty)) = 0 ≤ k.2d(hx, Tx)

5
,

for x ∈ (2, 5] and y ∈ [0, 2], we have

ψ(δ(Tx, Ty)) =
1

3
≤ k.d(hx, Tx) + d(hy, Ty)

5
.

Thus h and T satisfy Corollary 2.1, for k = 1
3 ∈ (0, 1). Also T 4

3 = {h4
3} = {43}, that is, 4

3 is

the unique common strict fixed point of h and T.



246 MUZEYYEN SANGURLU SEZEN∗ AND ARSLAN HOJAT ANSARI

3. Application

In this section, we generalize the results of Theorem 4.1 given by Tomar et al. [18].

Let B(W ) be the set of all closed and bounded real-valued functions on W . For an

arbitrary p, k ∈ B(W ) define ‖p‖ = supx∈W |p(x)| , ‖k‖ = supx∈W |k(x)| and δ(p, k) =

supx∈W |p(x)− k(x)|. Also, (B(W ), ‖.‖) is a Banach space wherein convergence is uniform.

Consider the operators Ti, Ai : B(W )→ B(W ) given by Tip(x) = supy∈D{g(x, y) +Gi(x, y, p(τ(x, y))}, i = 1, 2,

Aik(x) = supy∈W {g
′
(x, y) +G

′
i(x, y, p(τ(x, y))}, i = 1, 2,

(3.1)

for p, k ∈ B(W ), where τ : W×D →W , g.g
′

: W×D → R, Gi.G
′
i : W×D×R→ R are given

mappings, while W ∈ U is a state space, D ∈ V is a decision space and U, V are Banach

spaces. These mappings are well-defined if the functions gi, g
′
i,Gi and G

′
i are bounded. Also,

denote

Θ(p, k) = f(ψ(d(A1p, T1p) + d(A2k, T2k)), ϕ(d(A1p, T1p) + d(A2k, T2k)))

for p, k ∈ B(W ).

Theorem 3.1. Let Ti, Ai : B(W ) → B(W ) given by (3.1), for i = 1, 2. Suppose that the

following conditions hold:

(1) For all x ∈W, y ∈ D, |G1(x, y, p(τ(x, y))−G2(x, y, p(τ(x, y))| ≤ Θ(p, k),

(2) For i = 1, 2, g.g
′

: W ×D → R, Gi.G
′
i : W ×D × R→ R are bounded functions,

(3) There exists sequences {pn},{kn} ∈ B(W ) and functions p∗ ∈ B(W ) such that

lim
n→∞

T1pn = lim
n→∞

T2kn = A ∈ B(W )

and

lim
n→∞

A1pn = lim
n→∞

A2kn = p∗ ∈ A and p∗ ∈ A1 ∩A2,

(4) A1A1p = A1p whenever A1p ∈ T1p and A2A2k = A2k whenever A2k ∈ T2k for some

p, k ∈ B(W ). Then, the equation system (5) has a bounded solution.

Proof. Let δ(h, k) = supx∈W |h(x)− k(x)| for any h, k ∈ B(W ) and ψ(t) = t for

t ∈ [0,+∞). Let λ be an arbitrary positive number, x ∈ W . Then there exists y1, y2 ∈ D

such that

T1h(x) < g(x, y1) +G1(x, y1, h(τ(x, y1)) + λ (3.2)
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T2k(x) < g(x, y2) +G2(x, y2, k(τ(x, y2)) + λ. (3.3)

From the definition, we have

T1h(x) > g(x, y2) +G1(x, y2, h(τ(x, y2)) + λ (3.4)

T2k(x) > g(x, y1) +G2(x, y1, k(τ(x, y1)) + λ. (3.5)

From (3.2) and (3.5), we get

T2k(x)− T1h(x) < Θ(h, k) + λ. (3.6)

Combining, we get

|T1h(x)− T2k(x)| < Θ(h, k) + λ.

Implying thereby

δ(T1h(x), T2k(x)) < Θ(h, k) + λ. (3.7)

Also, (3.7) does not depend on x ∈W and λ > 0 is taken arbitrarily. Hence, we obtain

δ(T1h(x), T2k(x)) < Θ(h, k)

for each t ∈ (0,∞). From condition (3), (A1, A2) is strongly tangential with respect to

(T1, T2). Thus, from condition (4) and taking h = A1, S = T1, g = A2, T = T2 all the

conditions of Theorem 2.1 are satisfied. Hence, from Theorem 2.1, T1,T2, A1 and A2 have a

unique common fixed point, the system of functional equations (3.1) has a unique bounded

solution.
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