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ON KANNAN-GERAGHTY MAPS AS AN EXTENSION OF KANNAN
MAPS

FATEMEH FOGH, SARA BEHNAMIAN, AND FIROOZ PASHAIE*

ABSTRACT. Extending the concept of weakly Kannan maps on metric spaces, we study
the maps as f : X — X on a metric space (X,d) satisfying condition d(f(z), f(y)) <
(1/2)8(d(z,y))[d(z, f(z)) + d(y, f(y))] for every x,y € X and a function  : [0,00) — [0, 1)
where for every sequence ¢t = {t,,} of non-negative real numbers satisfying 8(t») — 1, while
tn, — 0. Such a map is named the Kannan-Geraghty map because of its relation to weakly
Kannan map and Geraghty contraction. Firstly, we show that our new condition is different
from weakly Kannan condition. Having proven the fixed point theorem, we present two

useful results on Kannan-Geraghty maps. Also, we illustrate some examples of Kannan-

Graghty map having interesting properties.

1. INTRODUCTION

In 1968, R. Kannan started the study of fixed point theory on some contractive maps. A
map f: X — X on a metric space (X, d) is said to be contractive if it satisfies the condition
d(f(z), f(y)) < qd(z,y) for any z,y € X and a fixed real number ¢ € [0,1). If the coefficient
q (instead of a constant number) be a function as ¢ : X x X — [0, 1) satisfying the condition
sup{q(z,y)|z,y € X,a < d(z,y) < b} < 1 for every positive real numbers a and b (with

a < b), then f is said to be weakly contractive.

Received: 2018-04-28 Accepted:2018-06-13
2010 Mathematics Subject Classification: 47TH10, 47TH09.
Key words: Contractive, Weakly Kannan map, proximal contraction, Geraghty contraction, Fixed point.

* Corresponding author



2 FATEMEH FOGH, SARA BEHNAMIAN, AND FIROOZ PASHAIE*

The well known Kannan Theorem was a variant version of the Banach contraction principle
([5]). The Banach contraction principle says that every contractive map on a complete metric
space has a unique fixed point. In [I] Ruis and Melando extended Kannan theorem to the
class of weakly Kannan maps, and then they gave a continuation method for this class.
Recently, the single and set-valued a-n-1)-contractive mappings have been studied in [4].

In this paper, based on the articles [I] and [8], we present the concept of Kannan-Geraghty
maps, and we prove that Kannan-Graghty self mapping has a unique fixed point, and also
Kannan-Geraghty non-self mapping has a best proximity point. Then we show two theorems;
in the first theorem, we show the relation between weakly Kannan and Kannan Geraghty

and in the second, relation between Kannan-Geraghty and weakly Kannan mappings.

2. PRELIMINARIES

In this section, we recall some basic notations, definitions and theorems from references
[7, 2, Bl 1L 8]. We discuss on the class I' consisting of all of functions S : [0,00) — [0,1)
such that for every convergent sequence t = {t,} of non-negative real numbers satisfying

B(t,) — 1 while ¢, — 0.

Definition 2.1. ([2]) Let (X,d) be a metric space. A mapping f : X — X is said to be
a Geraghty-contraction if it satisfies the condition d(f(x), f(y)) < B(d(x,y))d(z,y) for a

continuous function 8 € I.

Theorem 2.1. ([2]) Let d(X,d) be a complete metric space and f : X — X be a Geraghty-

contraction. Then, f has a unique fixed point.

Following the Geraghty notations, for any two disjoint sequences = = {x,,} and § = {y,}
of points in a metric space (X,d) (s.t. z, # y, for n =1,2,3,---), we use two sequences of
non-negative real numbers §(z,§) := {0,(Z,7)} and A(Z,9) := {An(Z,7)} defined by

d(f(zn), f(yn))
d(xna yn) '

on(Z,9) = d(zpn, yn) and Ay (Z,y) =

Theorem 2.2. ([5]) Let f: X — X be a contractive mapping on a complete metric space
(X,d) and take z¢p € X and z,, = f(xp,—1) for n =1,2,3,---. Then, x,, — o in X, where
Too is the unique fixed point of f, if and only if for any two subsequences & := {z, } and

Z :={xy, } ( where xp, # xp, for n=1,2,3,--+) we have

Ap(2,Z) - 1= dyn(2,2) — 0.
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Definition 2.2. ([9]) Let (X,d) be a metric space. A mapping f : X — X is said to be

weakly Kannan if it satisfies the condition

a(f@). 1) < “ 2D aa, f(a) + d(w. 1)

for every points x,y € X, where & : X x X — [0,1) is a real-valued function satisfying the

condition
O(a,b) :=sup{a(z,y) : z,y € X and a < d(z,y) < b} <1

for every positive real numbers a < b.

Theorem 2.3. ([1]) Let (X,d) be a complete metric space. If f : X — X is a weakly
Kannan mapping, then f has a unique fixed point x* and the Picard sequence of iterates

{f™(x) }nen converges to z* for every = € X.

Now, let A, B be two nonempty subsets of a metric space (X, d). The subsets Ag and By
of A and B (respectively) are defined as follow:
Ay :={x € A:d(z,y) =d(A, B), for some ye€ B},
By :={y € B:d(z,y) =d(A,B), for some x€ A},

where d(A, B) := inf{d(z,y) : x € A and y € B}.

Definition 2.3. ([9]) Let A, B C X be two nonempty subsets of a metric space (X,d) and
f A — B be an arbitrary mapping. An element x € A is said to be a best proximity point

of the mapping f if it satisfies the equality d(z, f(x)) = d(A, B).

Definition 2.4. ([9]) Assume that A,B C X be two nonempty subsets of a metric space
(X, d) with Ay # 0.

(i) The pair (A, B) is said to have P-property if for any points x1,x2 € Ay and y1,y2 € Bo,
we have:

d(.%'l, yl) = d($2,y2) = d(A,B) = d(.l‘l,wz) = d(yl,yg).

(ii) The pair (A, B) is said to have weak P-property if for any x1,x2 € Ag and y1,y2 € By,

we have:

d(z1,y1) = d(x2,y2) = d(A, B) = d(x1,22) < d(y1,92)

Here, we remember the straightforward generalization of the concept of weakly Kannan

map and Geraghty contraction to the non-self-mapping case.
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Definition 2.5. ([9]) Let (A, B) be a pair of nonempty closed subsets of a complete metric

space (X,d). A map f: A— B is said to be weakly Kannan if it satisfies the inequality

ol

(z,9)
2

d(f(x), f(y)) < [d(z, f(x)) +d(y + f(y)) — 2d(A, B)]

for every x,y € X and a real-valued function @ : X x X — [0,1) such that ©(a,b) =

sup{a(z,y) : a < d(z,y) < b} <1 for every real numbers 0 < a < b.

Definition 2.6. ([2]) Let A, B be two nonempty subsets of a metric space (X,d). A mapping

T : A — B is said to be a Geraghty contraction if there exists 8 € T' such that
d(Tz,Ty) < B(d(z,y))d(z,y)
for every x,y € A.

Notice that since § : [0,00) — [0, 1), we have

d(Tx, Ty) < B(d(x,y))d(z,y) < d(z,y),

Therefore, every Geraghty-contraction is a contractive mapping.
Finally, we introduce two new versions of contractive mappings, namely Kannan-Geraghty
maps separately in selfmapping and non-selfmapping cases, on which we will prove fixed point

theorem in the next section.

Definition 2.7. Let (X,d) be a metric space. A mapping f : X — X, is said to be a
selfmapping Kannan Geraghty map if there exists a real valued function 8 € T such that, for
all x,y € X we have

Bld(z,y))

(@), f) < 55

[d(z, f(x)) + d(y, f())].

Definition 2.8. Let (A, B) be a pair of nonempty closed subsets of a complete metric space.
A mapping f : A — B is said to be a non-selfmapping Kannan Geraghty map if there exists
real valued function f € I' where we have

pld(z,y))

(@), fw) < 25

[d(z, f(2)) +d(y, f(y))] (2.1)

for every x,y € A.
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3. MAIN RESULTS

In this section, we prove some theorems among them Theorem [3.1} and theorem [3.2] is

our main result. Also we give some examples.

Theorem 3.1. Let f : X — X be a Kannan-Geraghty map on a complete metric space
(X,d). Then, f has a unique fized point uw € X and for any xo € X, the sequence of iterates

{f™(z0)} converges to u.

Proof. Since f : X — X is Kannan-Geraghty mapping, there exists a function

B :[0,00) — [0,1) satisfying the following condition
B(tn) = 1=t, — 0.

Consider any xp € X and define z,, = f(x,—1),n = 1,2,.... We assume that d(zg,z1) > 0,
otherwise there is nothing to prove. We prove that d(x,, x,+1) — 0, and then, {z,} converges
to a point u which is the unique fixed point of f.

From the following inequality

Bd(zn, n-1))

d(f(zn), f(xn-1)) < B

[d(l‘m f(xn)) + d(xn—lv f(xn—l))]

we have

/B(d(xm xn—l))

d($n+1a 1371) < B

[d(l’n, :l?n+1) + d(xnfla :L‘n)]a
which gives

W[d(m,xml) +d(@n-1,2n)],

= [%d’(%v%ﬂ) + B(d(x"éxn_l))

d(xn—l—ly xn) <
d(l'nfh xn)]a

and hence, we have
d(Tps1,Tn) < B(d(xn, Tp—1))d(Ty, Tn-1),
then
d(Tpi1, Tn) < d(Tp, Tp_1). (3.2)
So, by , {d(zn,xn—1)} is a decreasing sequence of non-negative real numbers, and hence
there exists r > 0 such that

nhﬁn;() d(Tp, Tpg1) = 1.

In the sequel, we prove that r = 0.
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Assume r > 0, then from (3.2 we have

d(wna xn—l—l)

0
< d(wn—la xn)

< Bld(zp-1,7n)) <1, (3.3)

for any n € N. By the Sandwich theorem, from the inequality we get lim B(d(zp—1,2,)) =
n—oo
1, which contradicts with the continuity of 3 € I". Hence we obtain » = 0. Therefore, we

have h%m d(zp, xp+1) = 0, which means hm d(zy, f(zy)) = 0. Now, from the inequality

Bld(zn, mm))[d(@n, f(2n)) + d(@m, f(zm))]

N =

d(f(zn), f(zm)) <

for all m,n € N, we have

1
d(Znt1, Tmy1) < *B(d(xmxm))[dxmxn—i-l) + d(xm, xm+1)]v

\V)

which implies that both sequences {x,} or {f(x,)} are Cauchy sequences. Since (X,d) is
complete, the sequence {f(x,)} is convergent to a point u, and also, z, — u. Indeed, u is
the fixed point of f, because we have:

d(u, f(u) = Tim d(f(zn), £(u))

n—oo

< lim 3A(d(wn, u)[d(u, f(u) + d(zn, fn)]
= %( lim S(d(zn, w)))|d(u, f(u)) + 0]

< 3d (u f(u)),
which gives d(u, f(u)) = 0, and then f(u) = w. Finally, we show that f cannot to have

another fixed point. Assuming a point z to be a fixed point of f, we have

d(u, z) = d(f(u), f(2)) < B(d(u, 2))[d(u, f(u)) + d(z, f(2))] =0,
hence z = u.

Theorem 3.2. Let (A, B) be a pair of nonempty closed subsets of a complete metric space
(X, d) such that Ay is nonempty. Let T : A — B be a Kannan-Geraghty mapping defined as
Definition . Suppose that T(Ao) C By and the pair (A, B) has the weak P-property. Then

T has a unique best proximity point x* in A such that d(z*,Tx*) = d(A, B).

Proof. We first prove that By is closed. Let {yo} C By be a sequence such that

Yn — q € B. It follows from the weak P—property that

A(Yn,Ym) — 0= d(xp, Tm) — 0
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as n,m — oo, where x,, z,, € Ag and d(xy,y,) = d(A, B), d(Tm,ym) = d(A, B). Then {z,}
is a Cauchy sequence so that {z,} converges strongly to a point p € A. By the continuity of
metric d we have d(p,q) = d(A, B), that is, ¢ € By and hence B is closed.

Let A be the closure of Ag. We claim that T'(Ap) C By. In fact, if + € Ap, then there
exists a sequence {x,} C Ay such that z,, — x. By the continuity of 7" and the closedness of
By we have Tz = lim,, .. Tz € By. That is T(Ay) C By.

Define an operator PAg : T'(Ag) — Ao, by PAg = {z € Ay : d(z,y) = d(A, B)}. Since the

pair (A, B) has the weak P—property

d(PA()TJJl, PA()TJIQ) S d(Txl, TJIQ)

_ Bd(,y))

< 5 [d(x1Tz1) + d(x2, Tx2) — d(A, B)

< A8 a0, pagTer) +d(ar, PAGTE)
+ d(zo, PAgTx2) + d(xo, PAgTx2) — 2d(A, B)
< B(Cl(zx’y))[d(xl, PA()T.Tl) + d(xz, PA()T.CEQ)].

For any z1, 29 € Ag. This shows that PAyT : Ag — Ap is a Kannan Graghty mapping from
complete metric subspace Ay into itself. Using Theorem |3.1, we can see that PAyT a unique

fixed point x*. That is, PAyTz* = z* € Agy, which implies that
d(z*,Tz*) = d(A, B).

Therefore, z* is the unique one in Ay such that d(z*,Tz*) = d(A, B). It is easy to see that

x* is also the unique one in A such that d(z*, Tz*) = d(A, B). The Picard iteration sequence
Tp+1 = PA)Tz,,n=0,1,2,...
converges, for every zg € Ay, to z*. Since the iteration sequence {za;}5°, defined by
Topy1 = Twop, d(xopq1,Tors2) = d(A,B), k=0,1,2...,

is exactly the subsequence of {x,}, so it converges, for every zy € Ay, to x*. This completes
the proof.
Now we proof the following theorem which shows the relation between Kannan-Geraghty

and weakly Geraghty.
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Theorem 3.3. Let (X,d) be a complete metric space. If f: X — X satisfies the following

conditions such that

(1) Let f: X — X is weakly Kannan mapping, then f has a unique fized point x*;
(2) Let f: X — X is Kannan-Geraghty mapping, then f has a unique fixed point x*;

We have if 1 then 2.

Proof. 1—2

A mapping f: X — X is said to be weakly Kannan provided that

d(f(z), (y)) < 5 (z,y)d(z, fx) + f(y, fy)]

| Qf

for all z,y € X, where the function @ : X x X — [0, 1), for every 0 < a < b, satisfy
O(a,b) = sup{a(z,y) : a < d(z,y) < b} < 1.

Put @(z,y) = B(d(z,y)), suppose L = sup{a(z,y) | a < d(z,y) < b} <1, for 0 < a < b.
Let sup{L} — 1 then, a(z,y) — 1 or B(d(zpn,yn)) — 1 therefore d(x,,y,) — 0, this is a

contradiction . Because 0 < a < d(zy,y,). Hence a = b = 0, then f is Kannan Graghty and

d(f(x), (y)) < Bd(z,y)ld(z, fz) + f(y, fy)].

By using theorem [2.1] f has a unique fixed point.

1
Example 3.1. Let X ={(1,z):0 <z < E}, and define f: X — X as follows:

2

1,y) = (1, .
f(Ly) = ( y+1)
We have
2 2
Y1 Y5 2 2
_ < _
|lerl y2+1|_|y2 (51
<|y1 — 2| ly1 + y2
< Sy - ol
_5y1 Y2
1 y? y2 Y3 Y3
<clyp— o (- 2 2|
5 yi+1 y+1 y2+1  ya+1
<lppo Mg M B, v
5 y1 +1 y1+1 gy +1 yo + 1
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Then
s vy Yy, Y
Sy1+1 y4+1 75 y1+1 yo + 177
now we get result
2 2 2 2
Y Y 1 Y Y
| = 2 < Sl - =+ e — )
y1+1 ya+1 4 1+1 2+ 1
1 1 yQ yQ
< sy — = )
2 1+d(y1 — y2) y1+1 Tyt 1
then f is weakly Kannan. with
By, ) = 1
1 _
Then f is weakly Graghty. Put ————— X = [B(x,y). So for every 0 < a < b. By using
1+ d(y1 — y2)

theorem [3.3, f is Kannan Graghty and has a unique fized point.

Theorem 3.4. Let X be a compact metric space and f : X — X be a Kannan mapping,
and for arbitrary xo € X, the Picard iteration process defined by x,, = f(xn—1) for n > 0.
Then f has a unique fived point xo in X, T, = T n X, iff there exists a subsequence xp,,

and xg, (Th, # xr, ) such that
A, — 1 only if d, — 0.

Proof. There exists a subsequence zp,, and xg,, such that x, — zo. Then clearly
d, = d(zp,,, x,) — 0, and the condition holds.

Next, for given initial point xg in X, we assume that the condition is satisfied. then
dyp = d(xyn, Tp41) is non-increasing, for d(zp, , zx, ) < 1, and then it is convergent to the real
number d, such that d — £(0 < ). Assume € > 0, and h, = n and k, = n + 1, so we have
dp, — € >0, While A — 1, which is a contradiction. Thus d(z,, Zn+1) — 0.

Suppose, for a contradiction, that the sequence of iterates {z,} is not Cauchy, the real

number

Dy = sup d(zp,xm) > €.
m,n>N

is called the diameter of the sequence {x, },>n, so there exists € > 0 such that Dy > e.
1
For any n > 0, We choose N,, sufficiently large number, such that d(x.,,xm+1) < — for
n
all m > N,,, Let h, is the smallest integer such that h, > N,. For k, > h,, we have

d(xp,,, xr,) > €. Such pairs exist by the above diameter condition.
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Again we consider the sequence k,, and put k, — 1 = h,, or else d(zp,,zk,—1) < &. In

either case we have ¢ < d,, = d(zp,,, zk,) < e+ 1.

Moreover, by using the triangular inequality, for all =, ,xk, € X, we have

d(Th, 41, Th,t2) = d(f(zh, ), f(@h,+1))

(f(zn,), f(2k,))

=9

IN

N |

(d(@h, s Thy+1) + d(Th, £1, Th,12))

(f(@ny, ), f(@n,,41))-

=9

Where € [0,1). So

d(Th, 11, Th,42) < Bd(Th,, Th, 1)

d(Th, 11, Th,+2)

Without loss of generality, we may assume that

1——,s0
n

d

1
1>A, = —.
" d(@h, Thy 1) n

So d, — € > 0 while A,, — 1, which is a contradiction. Hence {z,} is a Cauchy sequence in
X and X is complete, we have x,, = z for some z, in X, then z, is a unique fixed point
of f and the proof is complete.

we present a theorem and after that we bring S—Kannan theorem which shows the relation
between Kannan and contractive mapping. The proof of our main theorem is inspired by

this theorem.

Theorem 3.5. [S—Kannan/ Let X be a compact metric space and f: X — X be a Kannan
mapping, and let for arbitrary xo € X the Picard iteration process defined by x, = f(xn—1)
forn > 0. Then f has a unique fived point xoo in X, T — Too in X, iff

(i) there exists B : X x X — [0,1), such that for every 0 < a < b and for all n,m and

Ty, Ty, € X
B(Xn, Tm) = sup { a(xn, zm) 1 a < d(xn, zm) < b} <1

and

B(@n, Tm)

d(f(@n), f(zm)) < ——

(i) B(zp,xm) € S

(d(zn, f(20)) + d(@m, f(Tm)))-
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Proof. It suffices to prove that § in S satisfies the condition of Theorem Let
B = ~v(d(xn,yn)), where the class v denotes function v : [0,00) — [0,1) satisfying the
following condition

Y(tn) = 1=1t, =0

for every 0 < a < b, let L = sup{a(zy, yn)|a < d(xn,yn) < b}, and let limsup{L} = 1 implies
B(xn,yn) — 1 or y(d(xn,yn)) — 1. Hence d(zn,y,) — 0. it is a contradiction, because
0 <a<d(xn,yn), so a=>b=0.So ~ holds in delta, the conclusion is exactly the same as
what we had in theorem [3.4

Define 8 : R™ — R by

. 2d(f(xn), f(m))
B = sup{ d(zn, f(xn) + d(@m, f(Tm))

Since f is a Kannan , all quotients are below 1 and so 3 is defined for all t > 0 and g < 1.

=d(xn, y) >t} = a(d(zp, zm)) = a(ty).

It is clear that § satisfies in (i).
Before presenting an important result, we first present a preliminary result:

let ¢ be an arbitrary point in X. We define the iterative sequence {x,} by =, = fz,,,n =

1,2, ..., we have
d(f$na f17n+1) = d(l‘nJrl’ $n+2) < g (d($n+27 l'nJrl) + d($n+17 xn))7
SO
1 B
d(xn+1a$n+2) < 5 m d($n7$n+1)a
by the same argument,
( )< 2 Ly d(an, a0) (3.4)
Tn4+1y Tn+2) > 2 \1 —B x1,X0)- .

By (3.4)), for every m,n € N such that n > m we have

A (), Fen)) < 5 (@, ) + dm, fen))

o
Aensrs o) < 5 (@, Fz) + dlom, fom))
So
Ansssmss) < 5 @Aon, 00i1) + A 2ms1))
< L e, o) + dlmst, ons1)) + Bl )
< L e o) + (et o)) + (), ),

1-p
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So

or
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d(Tpt1, Tmt1) < B d(xn, Tm),

d(f(xn), f(xm)) < B d(@n, Tm)-

Now, let 8(t,) — 1 for t, € RT. We may further assume without loss of generality that

- <Al <omat <1

We must show that ¢, — 0. Since «(t,) is an upper bound. So for each n > 0, there are xy,,

and xy,, in {z,}, such that

and

d(l'hn, th) Z tﬂn

1 d(frw,), f(@k,,)
I=n < d(xk,, Tk,,)

<B=alt,) <1

So A, — 1. Hence from theorem we have d(xp, ,xr,) — 0. So t, — 0. This completes

the proof.

(1]

(4]

[5]

(7l

(8]

(9]
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