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UNIT TANGENT SPHERE BUNDLES WITH THE KALUZA-KLEIN
METRIC SATISFYING SOME COMMUTATIVE CONDITIONS

MURAT ALTUNBAS *

ABSTRACT. Let (M, g) be an n—dimensional Riemannian manifold and 71 M its tangent
sphere bundle with the contact metric structure (C~1'7 n, ¢,&), where G is the Kaluza-Klein
metric. Let S be the Ricci operator and h be the structural operator on 77 M. In this paper,
we find some conditions for the relations Sh = hS and §¢h = ¢h,§' to be satisfied.
Keywords: Tangent sphere bundle, Kaluza-Klein metric, Ricci operator, contact metric
structure.
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1. INTRODUCTION

Let (M, g) be a Riemannian manifold and 77 M its tangent sphere bundle. There can be
defined a lot of metrics on Ty M such as the Sasaki metric [9], the Kaluza-Klein metric [10],
the Kaluza-Klein type metric [I] and a general natural metric ([5],[12]). All of these metrics
are sub-classes of the g—natural metric introduced in [2]. These metrics are restrictions of
the metrics on the tangent bundle T'M to T3 M. Remark that the restrictions of the two well-
known metrics on T M, say the Cheeger-Gromoll metric [I5] and a metric with two parameter
([6], [13]), yield nothing new thank to isometries to the Sasaki metric (see [8] and [14]).

In [IT], Cho and Chun studied the commutativity of the Ricci operator with the structural
operator in (T1 M, g®) by considering the base manifold M is conformally flat. Here, ¢°

denotes the Sasaki metric.
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In this paper, we endow the unit tangent sphere bundle 71 M with the Kaluza-Klein metric
G and give a contact metric structure (n, ¢,&) associated to the metric G. We investigate
the commutative properties of the Ricci operator S with h and ¢h, where h is the structural

operator on 17 M.

2. PRELIMINARIES

The aim of this section is to report some fundamental facts about contact metric manifolds.
Every manifolds are supposed to be smooth and connected. We can refer to [7] for a survey
about contact metric geometry.

Given a (2n—1) dimensional differentiable manifold M. If M acknowledges a global 1-form
7 such that n A (dn)™ # 0, then it is called a contact manifold. When 7 is given, there is a
vector field ¢ (so called characteristic vector field) such that n(¢) = 1 and dn(¢, A) = 0 for
all vector fields A on M. Moreover, a Riemannian metric g is called an associated metric if

there exists a (1,1)—tensor such that

for all vector fields A, B on M. It follows that

¢§ =0, no¢ =0, g(¢pA,¢B) = (A, B) — n(A)n(B).

The quartet (1, g, ¢,&) satisfying is called a contact metric structure and the quintet
(M,n,3,9,£) a contact metric manifold.

Let M be a contact metric manifold. The structural operator h is defined by h =
%ngf), where L is the Lie derivative operator. The operator h is self-adjoint and it satis-

fies the following relations:

where V is the Levi-Civita connection of g.

Let (M, g) be an n—Riemannian manifold with the Levi-Civita connection V. The tan-
gent bundle T'M of M is a 2n—dimensional manifold with the projection map 7 : TM —
M, 7(p,u) = u. The g—natural metric G on T'M is defined by, [4]

G(A", B") = (a1 + a3)(r?)g(A, B) + (81 + B3)(r*)g(A, u)g(B, u),

G(Ahv Bv) = 052(7"2)9(1473) + 52(7“2)9(‘47”)9(3?“)7
G(Avv Bv) = Ckl(T2)g(A, B) + 51(T2>9(A7 u).g(B7u)7
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for all vector fields A, B on M, where o;,3; : Rt — R, i = 1,2,3 are smooth functions,
r? = g(u,u) and A", AV denote the horizontal lift and the vertical lift of A, respectively.

The unit tangent sphere bundle 77 M is a hypersurface of TM defined by ' M = {(z,u) €
TM : g(u,u) = 1}. By definition, the g—natural metric on 71 M is the restriction of the
g—natural metric of T'M to its hypersurface T1 M. The g—natural metric on 77 M is defined
by

G(A", B") = (a +¢)g(A, B) + B(r*)g(A, u)g(B, u),
G(AM BY) = byg(A, B),
G(A”,B") = ag(A, B),
where a,b,c € R and 3 : [0,00) — R. The vector field N = ——1—=[-bu" + (a + ¢ + d)u"]

V (atetd)e

is the unit normal vector field, where d = (1) and ¢ = a(a + ¢ + d) — b%. The tangential
lift A? is given by At = AV — , / a+f+dg(A, u)N. Inasmuch as the tangent space (71 M), ) of

T1M at (x,u) is produced by vectors of the form A" and B, the Riemannian metric g on

T1 M, induced from G, is established by

= (a+c)g(4, B) + dg(A, u)g(B, u),
G(A", B") = bg(A, B), (2.2)
G(A', BY) = ag(A, B) — 5539(A,u)g(B, u),
for all vector fields A, B on M. The particular cases of the metric G are listed below:
i) The Sasaki metricifa=1, b=c=d =0,
ii) The Cheeger-Gromoll type metricifb=d =0, a=1/2", ¢=1—a,
iii) The Kaluza-Klein type metric if b=0 (and a, a+¢ >0, a+c+d > 0),
iv) The Kaluza-Klein metric if b =d =0 (and a, a+ ¢ > 0).
In this paper, we deal with the Kaluza-Klein metric. From , the Kaluza-Klein metric
G is defined by
G(A", B") = (a+ c)g(A, B),
G(AM, BY) =0, (2:3)
G(A", B) = a(g(A, B) — g(A,u)g(B, w)).
The Levi-Civita connection V of G is given by, [10]
1

VB = (VAB)h—i(R(A,B)u)t, (2.4)
VB = (VAB)t+2(a“+C)(R(u,A)B)h,
VauB" = Q(GZC)(R(u,A)B)h,

VaB' = —g(B,u)Al.
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For an orthonormal basis eq, es, ..., e, = u, the Ricci tensor Ric of G is computed as, [3]

Ric(AM, B") = Ric(A,B)—ﬁzg(R(u,ei)A,R(u,ei)B), (2.5)
i=1
Ric(A', BY) = 52 (VuRie)(A, B) = (VaRic)(u, B)),
Ric(A',B") = (n—2)(g(A,B) — g(A,u)g(B,u))
(Z2 "
TP > " 9(R(u, A)e;, R(u, B)e;),
=1

where Ric denotes the Ricci tensor of g.

From [2], we have a contact metric structure (G,n,¢,€) on T1 M satisfying

__ o,k t_ 1 _Ah 1 h_i t
E=2u", A" = 4(a+c)( A"+ 29(A,u)§), A" = 4aA, (2.6)
1
n(A") = Sg(4,u), n(A") =0.
We also have
pat = Lato L _(poay (2.7)
4a 4la+c) 7 '
pat = —Lang Lo wer 1 (poay
 4a 8a9\% 4a+c)

where R, = R(-,u)u is the Jacobi operator related with the unit vector u.

3. T1 M SATISFYING SOME COMMUTATIVE CONDITIONS

Let (M, g) be a Riemannian manifold and 77 M be its unit tangent sphere bundle with the
Kaluza-Klein metric G |D Denote the Ricci operator of G by S. First, we suppose that
Sh = hS. Then, using lb 1) and self-adjoint property of the Jacobi operator R,, we

occur

0 = G(ShA'—hSA' B

= Ric(hA!, BY) — Ric(A', hB) (3.8)

a2
6@t o? 3 lg(R(u, A)e, R(u, RuB)e:) — g(R(u, B)es, R(u, Ry A)e;)],
=1
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0 = G(ShA'—hSA! B") (3.9)

— Ric(hA', B") — Ric(At, hB")

— 4(a1+ 3 [(VuRic)(A, B) — (VaRic)(u, B)]
_S(ac‘w[(vum(;)(}zum B) — (VR,aRic)(u, B)]
_Mw[(vum@(/x, RyB) — (VaRic)(u, Ry B)]
_ 8(a1+ 9B WI(VuRie)(A,u) — (VuRic) (u, )],

0 = G(ShA" —nhSA" BM)

= Ric(hA" B") — Ric(A" hB") (3.10)
1 a -

= - 9(Au)[Ric(B,u) — 5 a1 > 9(R(u, e;)u, R(u, e;)B)]
=1

n

m ZZ; g(R(u,e;)A, R(u, e;)u)]

—@g(B, u)[Ric(A,u) —

1o 1 o RicluA, B) = 5om s Zg(R(u, e;)RuA, R(u, e;)B)]

ot )[chARB Zg (u,e;)A, R(u,e;) R, B)].

Thus, T3 M fulfills Sh = hS if and only if M fulfills (3.8)-(3.10)).
Let M be a space with constant curvature k. In this case, we observe that it fulfills

(3.8)-(3.10f). Therefore, we obtain the following proposition.
Proposition 3.1. Let M be a space with constant curvature k. Then T1 M fulfills the relation
Sh = hS.

If we consider M as a surface (i.e., 2-dimensional manifold), we obtain the following

theorem.

Theorem 3.1. Let M be a 2-dimensional Riemannian manifold. Then T1M fulfills the

relation Sh = hS if and only if M is a space with constant Gaussian curvature.

Proof. The curvature tensor of a 2-dimensional Riemannian manifold is expressed by the
relation R(A, B)C = k(g9(B,C)A — g(A,C)B), where « is a smooth function on M. This
relation gives us Ry A = R(A,u)u = k(A—g(A,u)u) and Ric(A, B) = (n—1)kg(A, B). Using
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these formulas, we see that (3.8) and (3.10) are valid. From (3.9)), we deduce

W{(w) 29(A, B) — g(A,u)g(B,u)] — (Ak)g(B,u)} = 0. (3.11)

Taking A = Blu and ||B| = 1 in (3.11]), we get “ﬁ;jc))tc(m) = 0. This shows that the

Gaussian curvature k is constant. The converse is true from Proposition [3.1 O

Now, we suppose that the relation S'QSh = qﬁhS‘ holds for (T3 M, g). From 1'1} we

obtain

0 = G(S¢hA' — phSA!, BY) (3.12)

= Ric(¢phA', BY) + Ric(A', h¢B')
= T [(VRic)(u, A) — (VxRic)(u, B) — (VyRic)(A, RyB)

+(VyRic)(RuA, B) + (VaRic)(u, R,B) — (VpRic)(u, R,A)

+9(A,u)((VyRic)(u, B) — (VpRic)(u,u)

—9(B,u)((VuRic)(u, A) — (VaRic)(u,u))},

0 = G(SphA' — phSA', B

= Ric(¢hA!, B") + Ric(A*, h¢ B") (3.13)
2

= (n—2)(9(A, B) - g(A,u)g(B,u)) + m 3" g(R(u, A)ei, R(u, B)e;)
=1

a2

g 2o o A Rl R

—(n—2)g(A, R,B) —
—Ric(A, B) + et d ; g(R(u,e;)A, R(u,e;)B)

+g(A, w)[Rie(B,u) — —— fjg(R(u,ei)u,R(u,ei)Bn
2(a+c)
=1

n

. a
+Ric(R,A, B) — m ;Q(R(u, ei)RyA, R(u,e;)B),
0 = G(S¢hAl — ¢phSA", B (3.14)

= Ric(phA", B") + Ric(A" h¢B")
= Q(a(:— ) [VaRic(u, B) — (VpRic)(u, A) + (VyRic)(R,A, B)

—(VyRic)(A, R,B) — (Vg,aRic)(u, B) + (Vg,pRic)(u, A)}.
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Let’s assume that M is a space with constant curvature k. Then, using the relations
R(A,B)C =k(9(B,C)A—g(A,C)B), RyA= R(A,u)u = k(A —g(A,u)u) and Ric(A, B) =
(TL - 1)]{?9(14, B) in " we get

2a% +ac 5 2c¢®+ 3ac — 2n(a + c)?
2(a+ ¢)? 2(a + ¢)?

E* 4+ (2n —3)k —n+2=0.

So, we have the following theorem.

Theorem 3.2. Let (M, g) be an n—dimensional space with constant curvature k. Then Ty M

fulfills the relation Sph = ¢hS if and only if the following relation holds:

242 + ac 3 2¢2 + 3ac — 2n(a + c)?

k2 + (2n — 3)k — 2 =0.
2at o2 CETE +(2n—-3)k—n+ 0
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