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ON THE MEASURE OF TRANSCENDENCE OF (=37 G, “ FORMAL
LAURENT SERIES

AHMET S. OZDEMIR

ABSTRACT. In this work, we determine the transcendence measure of the formal Laurent

series, ¢ = ZG;ek whose transcendence has been established by S. M. SPENCER [15].
k=0

Using the methods and lemmas in P. Bundschuh’s article measure of transcendence for the

above n is determined as

T(n, H) = H~ (D’ —edd™
, .
On the other hand, it was proven that transcendence series 1 is not a U but is a S or T

numbers according to the Mahler’s classification.

1. INTRODUCTION

Let p a prime number and u > 1 an integer. Let F' be a finite field with ¢ = p“elements.
We denote the ring of the polynomials with in one variable over F' by F|z]and its quotient
field by F(x).If a € Flz]is a non-zero polynomial, denote by da its degree. If @ = 0, then
its degree is defined as 90 := —oo. Let a and b (b # 0) two polynomials from F[z] and define

a discrete valuation of F'(x) as follows

al _ H5a—ob
‘b‘ .
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Let K be the completion of F'(x) with respect to this valuation. Every element w of K can be uniquely

represented by

o0
w= E cpxr ",cn € F.
n—k

If w = 0, then all cpare zero. If w # 0, then there exist and k € Zfor which ¢ # 0. If w # 0, then we have

lw| =q*.

Therefore K is the field all Formal Laurent series. The classical theory of transcendence over complex
numbers has a similar version over K. Elements of F[z] and F(x) correspond to integers and fractions of the
classical theory, respectively.

If wis one of the roots of a non-zero polynomial with coeflicients in F[z], then w € K is said to be algebraic
over F(x). Otherwise, wis called transcendental over F(x).

The studies to find transcendental numbers in K were initiated first by Wade [16-19]. Also Geijsel [4-7]
did similar studies. As it is the case in the classical theory of transcendental numbers, it is possible to define
a measure of transcendence.

The measure of transcendence is thoroughly studied in the classical theory. For example, the transcen-
dence measure of e has been widely investigated by Mahler [9], Fel’ldman [3] and Cijsow [2]. Example for
transcendence measure in the field K have been given for the first time by Bundschuh [1]. Further more,
Ozdemir showed the measure of transcendence of some Formal Laurent series [11],[12].

In this work, we determine the transcendence measure of some Formal Laurent series whose transcendence
has been established by S.M.Spencer [15]. We take the Go |G1|G2...,de g Go > l,e = ey < e1 < e2 < ..., < e}
| ert1,t [ey # p'for r > s,e1 € Z.

If G € F[z] is a fixed non-zero polynomial of degree, 9(Gr) = gk, g > 1 then the series

c=> G (1)
k=0

is an element of K,and S.M.Spencer showed its transcendence in [14].
Using the methods and lemmas in Bundschuh’s article [1], we determine a transcendence measure of .

We take and arbitrary non-zero polynomial

P(y):Zavy”,(av € Flz];v=0,1,...,n) (2)

Whose degree 9(P) is less than or equal to n. The height of P is denoted by

h(p) = miax|a, | = g™ e=0 2

e}
For the transcendental element ¢ = Y G “*of K, we define the positive quantity
k=0

An(H,<) = min|P(s)|,
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where P £ 0, 9(P) < n,h(P) < H. If T(n,H) is a function of the variables n, H of A,(H,s) which

satisfies the inequality
for all sufficiently large values of n and H, then T'(n, H) is said to be a transcendence measure of .

2. PRELIMINARIES

Theorem 2.1. We take an arbitrary, non-zero polynomial

P(y)=> awy’,(aw € Flzl;v =0,1,...,n) (4)

further let (P) = d,h(p) = h and a = max?_ da,.

dp™" log h > grex logq. (5)
Then we have
_ d_ggq2d
|P(§)| > h™ (DT et (6) (6)
and the transcendence measure of w is
T(n, H) = H- 07— () (7)

As in the classical theory of transcendental number theory (see Schneider [18], Pagers 6), it is possible to

define Mahler’s classification on K. Let K be transcendental, and define :

i —1og O, (H, 1)
0 (i) = i _sup =5
, 1
O(n) := lim sup —Ou(n) (®)

Hence ©,(n) > n for everyn € N and so ©(n) > 1. For everyn,H € N,

On(H,n) < H "q¢" max(L,[n|") (9) 9)

is satisfied (see Bundschuh [1], Lemma 3).

On the other hand, let the least natural number n satisfying ©,(n) > oo be donated by wu(n). If there is

no such n, then on may define 1(n) as co. In this case, the transcendental number 1 € R is called

S-Laurent series if 1 < ©(n) < oo and p(n) = oo,
T-Laurent series if ©(n) = oo and u(n) = oo,

U-Laurent series if ©(n) = co and p(n) < co.
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Moreover the U-class may be divided into subclasses. If p(n) = m (m > 0), then 5 is called a U,,- Laurent
series. Le Vaque [8] was the first to show that for all m, U,, is non-empty in the classical theory but the
honour goes to Oryan [10] if the ground field is K.

According to the above classification, the series defined in (1) can not be a U - Laurent series. This fact

may be proved by the help of the Theorem

Theorem 2.2. The n Laurent series defined by (1) doesn’t belong to the class U so that it belongs to the class

S or to the class T.
We will use the following lemmas in proof of the theorem.

Lemma 2.1. Let

n
P(y) = auy’
v=0

ay € Flz], aqg #0 (d > 1), a:mgxéqaav (10)
Then there are some elements Ao Ax, ..., Aq € Flz], not all zero satisfying.

0A1 §ad(qd—d+l) for0<j<d and

¢/ —d

d )
> A =iy )Y 4 > by = PQW) (11)

j=0,q9>d

where by := 1 and b, for k > 1 is the sum of product of exactly k terms from ao, a1, ..., aq, multiplied by (£).

Proof. See the [1], lemma 4, page 416.

Lemma 2.2. Letn € K and |n| = ¢*. Under the hypotheses of Lemma 1 we have

Q)| < g m D ma(e), (12)
Proof. See the [1], lemma 5, page 417.

3. PROOF OF THE THEOREMS

Proof. (Theorem 1)
Consider the polynomial defined by (4). With 9(p) = d, aq # 0. The Theorem is true obliviously for d = 0.

Because then |P(n)| = |ao|. ao € F[z] and since ag # 0 and we have, |ao| = ¢°(*®) > 1. So the left side of (6)

is less then 1. Let d > 1. By Lemma 1 there are some elements the Ao, A1, ..., Ag € F[z] not all zero, such
that
d qJ d
San =0 Y 4, > eyl 7o Py)Q) (13)
j=0 j=0,q7>d

0A; < ad(q” —d+1) < adg’(0 < j < d) (14)
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In (13) we put 7 instead of y and using the fact that F is a field having ¢ elements. We get

d ) d o0 )
PmQMm) = > Am” =>4, G+ (15)
3=0 j=0 k=0

Separate the above sum as S1 + S2, where

d +kj ) d 00 B
S1=G2" Y A G and S =G YA, Y G (16)
j=0 k=0 j=0

k=k;+1
where /3 is non-negative integer to be chosen later. Let the rational integers k;(j = 0,1, ..., d) be defined by
qj_dekj <eg < qd_jeij (17)

1) First, we prove that |S1| > 1. That is, we prove Siis a polynomial bu not equal zero. Their terms of the

S1 are

J

Gt A, Gt = A, Got (18)
We show that
esq" —exg’ >0 (19)
by (17), and since k ranges from 0 to k; in the sum S;. We have
eﬁqdfekqj ij(ekj —ex;) >0 (20)

which implies (19). By (19) and (18), S1 is polynomial. Now we show S; isn’t identically zero as equivalently.

We have equality in (19) when and only when k = 8 and j = d. If we write the terms of S1, we find

ko kq
Sl _ AO <Z Gqud_Ekq()) o +Ad <Z GEBqd_Ekqd>
k=0

k=0

Sy = Ay (Geﬂqd,eoqo A Geﬂqd_ekoqo) A, (Geﬁqd,eoqd ey +Geﬁqd_ekdqd) 1)
a d j d d

po= 511:1(1)1(6,3(1 —ek;q’,esq" —es—1q4") (22)

G* divides of all terms in the sum(21) except only one term. Therefore ,

S =G*R+As (R€ Fla)) (23)
and hence we find
S1 = Ag (mod G*) (24)
Since h = h(P) = ¢,
logh
= 2
a Tog g (25)
By (5) and (25) we find
adqd > g (26)

From (19) and (26) it holds (27). For this. Consider the sequence
{e—1,e =egp,e1,€2,...}.
There are 5 non-negative integers such that

d
eg—1 <

<ep (27)
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From (27) we obtain the following statement for the above

dq” d

9% ey < 2% (28)

By (17) we have egq®™7 > e, = ¢*7 > E:BJ' = ¢4 - E:Bj > 0. Hence we obtain

d—j _ €kj ;
@z L(j <d) (29)
further, since eg_1 < eg = ei—;l <l=0<1- ei—;l. Thus we get
19> (30)
ep

From (22),
d—1 . . Ck.- es_
_ i d d—j _ ZRj d _ st
e (¢-2) -2
by (29), (30) and (31) and ¢%,¢° > 1 we get
n>ep (32)
by (14), (28) and (32) we obtain
gu > geg > adq® > ad(qd—d-i-l) > 0(Aq)
that is,
gu > 0 (Aa) .
this inequality means
0 (G") =gu > 0(Aa).
Hence we see G doesn’t divide Ag4. That is
Aq # 0(mod G*),
by (28) and (36)
Sl = Ad 5_‘& O(mod G'u) (33)

therefore Si is not identically 0. so Sy is a non-zero polynomial. so it is shown that |S1]| > 1.
2) we will show [S2| < 1 since k > k; + 1 in Ss, for the degree of the terms of Sz, we may write the

following inequality from (14):

0 (G2 A, ) = 04 + oGk
< adg’ + g (epa” ~ end’)

<adq’+g (eﬁqd - ekj+1qj)

€k .
< adg® — geg ( ke’; qg - qd) (34)

Ck;j+1
eg

by (17) ¢%es < qjekj_H 0< ¢ — ¢% is an integer. further, by (27) we obtain

adq? < gep (35)
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Crj+1
€s

from (34), (35) and since ¢’ — q% is positive integer, we get
9 (GEBAjG*EW) <0
that is, the terms of S2 have negative degrees. this means

|S2| <1

3) we will prove the claim of the theorem. by the definition of S; and Sz, we can write S; + S2 =

Gesa’ P(n)Q(n). hence we obtain

S+ 82l =[G+ || P Q) (36)

since |S1| > 1 and |S2] < 1, we get
151 + 5] = max((1S1],|Sa1) = |51 (37)

By (36) and (37), we obtain

e d
P 1QM)]| = 51| |G (38)
let |7 = ¢*. By (1) and since |G+ | = ¢9°8F* = g9¢k
we get |n| = ¢79%° = ¢79° therefore A = —ge. since max(a,A) = max(a, —ge) = a and by lemma 2, we
find
\Q(ﬁ)| < qad(qd7d+l)+(qd7d) max(a,\) < qadqd+aqd < qa(d+1)qd (39)
further, by (28)
‘Gequ :qgequ
< qeu.dqdqd
= g (40)
by (38),(39),(40) and since |S1| >1
e qd -1 —1
P ()] = 181l |G| 1Q(m)|
egq?|” -
> |ao | )
> qeadqqufa(dﬁ»l)qd (41)

by (41) and since h = ¢*

(Plg)| > h (0
this is the claim of the theorem 1.
Proof. (Theorem 2)
let the degree of the polynomial P in Theorem 1 be (P) = d < n and let its height be

h(P) =h < H by (6),

|P("7)| Z H*(’nﬁ»l)q"fenq?n,. (42)
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(42) and (5) and by the definition of Mahler’s classification

@n(H 77) > H—(n+1)q"—enq2"

for all sufficiently large natural numbers n and H. hence consequently

log ©n(H,n) > [—(n+1)¢" — eann] log H

log ©,(H,n) n on
— 1 — 4
e < (e 1)g" —eng (13)
. _en(H7 7]) 2n n
> —_— <
O (n) = lim sup g St (n+1)q (44)
that is, for every index n
On(n) < o0

by the definition of Mahler’s classification, p(n) = oco. This shows 1 can never to the class U so that it belongs

to the class S or to class T'.
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