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SOME RESULTS AND EXAMPLES OF THE f-BIHARMONIC MAPS ON
WARPED PRODUCT MANIFOLDS

ABDELHAMID BOULAL AND SEDDIK OUAKKAS &'

ABSTRACT. In this paper, we present some constructions of f-biharmonic functions on the

warped product. We studied particular cases and we give some examples of f-biharmonic

maps.

1. INTRODUCTION

The smooth map ¢ : (M™,g) — (N™, h) between two Riemannian manifolds is said to

be harmonic if it is a critical point of the energy functional :

1
B(0) =5 [ o,

¢ is harmonic if it satisfies the Euler-Lagrange equation for the energy functional :
7(¢) =TryVde =0,

7(¢) is called the tension field of ¢. As a generalization, we define the bi-energy functional

of ¢ :
Ba0) = 5 [ Ir(o) P,
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¢ is said to be biharmonic if and only if

() = ~Try (V%) 7(0) ~ Try RV ((9), d6)ds = 0.

To(¢) is called the bi-tension field of ¢.
Let f € C*° (M) be a positive function, We respectively define the f-energy and the

f-bienergy functional of ¢ by
Bi(0) =5 | flasan,
and
Pos(@) =5 [ 11r(o)Pau,

¢ is said to be f-harmonic if and only if

75(¢) = TrgVfr(¢) =0, (1.1)

and it is said to be f-biharmonic if and only if

a1 () = ~Try (V)" 7 (6) ~ TrgRY (f7 (). do) do = 0. (12)

Tt(¢) and 7 7(¢) are called respectively the f-tension and f-bitension field of ¢. Contrary
to the fact that any harmonic map is biharmonic, an f-harmonic map is not necessarily
f-biharmonic. By considering (M™,g), (N™, h) two Riemannian manifolds and « a positive
function on M, we recall that the warped product of M and N noted by (M X, N,G,) is

the Riemannian manifold, where the Riemannian metric G, is defined by
Go (X,Y) = g (dn (X),dr (V) + (aom)?h(dn(X),dn(Y)), (1.3)

for all X = (X1,X2),Y = (V1,Y2) e T(T(MxN)), 7 : M x N — M and n : M X
N — N are respectively the first and the second projection. The Levi-Civita connection
on (M x N,G) and (M x4 N,Gy) are noted respectively by V and V, the relation between

V and V is given by
VxY =VxY + X1 (Ina) (0,Y2) + Y3 (Ina) (0, X2) — a?h (X3, Y2) (gradln o, 0) . (1.4)

Similarly, the relation between the curvature tensor fields of (M x, N,G,) and (M x N, Q)

is given by
R(X,Y)=R(X,Y)+ (Vy,gradlna +Y; (Ina) gradln a, 0) Ag, (0, X5)
— (Vx,gradlna + X (Ina) gradlna, 0) A, (0,Y2)

— |gradnal? (0, X») Aq,, (0,Y3),
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where
(XN, Y)Z =G (Z,Y)X —Go(Z,X)Y

for all X,Y,Z € T'(T'(M x N)), where X = (X1,X2) and Y = (Y1,Y2). In [12], The
author studied the f-harmonicity on the doubly warped product manifold in order to con-
struct a non-trivial f-harmonic map, he deals in particular with the case of projection. The
author in [13] describes a new method for constructing f-biharmonic maps, this construc-
tion allowed him to give some examples of f-biharmonic map. In [5], the authors studied
f-harmonic morphisms which are a subclass of f-harmonic maps. In [4], the authors stud-
ied biharmonic maps between warped products, in particular they gave the condition for
the biharmonicity of the inclusion and of the projection. Our objective in this paper is
to present the condition of f-biharmonicity using the warped product of two Riemannian
manifolds. In the first part of this paper, we give the conditions for the f-biharmonicity of
the maps ® : (M™ xo N",Go) — (PP,k) and ¥ : (M™ xo N",Gqo) — (PP, k) defined by
® (z,y) = ¢ (z) and ¥ (z,y) = ¢ (y) (Theorem [2.1]and Theorem [2.2)), with this classification,
we give some special cases and we construct an examples of f-biharmonic map. The study
of the f-biharmonicity of the identity maps Id : (M™ x, N",Gy) — (M™ x N",G) and
Id: (M™ x N".G) — (M™ x, N™ G,) is presented in the second part of this paper (The-
orem and Theorem , where we give some particular results and we construct some

examples of f-biharmonic maps.

2. THE MAIN RESULTS.

In this section, we consider {e;},,<,, an orthonormal frame on M and {f;},.,., an or-
thonormal frame on N. Then an orthonormal frame on M x, N is given by {(e;,0), 2 (0, f;)}.
As a first result, we will study the f-biharmonicity of the map ® : (M™ x4, N",Go) —
(PP, k) defined by @ (z,y) = ¢ (x). We start by calculating the f-tension field of ®.

Proposition 2.1. The f—tension field of the map ® : (M™ x, N",Go) — (PP, k) defined

by @ (z,y) = ¢ (x) is given by
74 (@) = f (7 (¢) +dé (gradln f) + nde (gradlna)), (2.5)

where ¢ : (M™, g) — (PP, k) is a smooth map.
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Proof of Proposition By definition, we have
7 (®) = Tre, Vfdd
= V?;,o)fdfb (e;,0) + %vgfj)fd@ 0, ;)
— fd® (P, 0 (:,0)) — é@ (@o,fj) (0, fj)) :
Using the fact that d® (e;,0) = d¢ (e;) and d® (0, f;) = 0, a simple calculation gives
Vie,0)fd® (i, 0) = FVEde (ei) + fdo (gradln f)

and
v;lafj)d@ (0, f;) = 0.

By using the equation (1.4)), we deduce that

V(ei,0) (€,0) = (Ve,e4,0)
and
Vo, 0,f) = (0,Vy,f;) — na? (gradIna, 0).
It follows that

7 (@) = fVEde (e;) — fdo (Ve;) + fdo (gradln f) + nfde (gradln o)

then, we obtain
71 (®) = f (7 (¢) +do (gradln f) + nd¢ (gradlna)) .

Remark 2.1. In the case where ¢ = Idy, we conclude that the first projection P :

(M™ xo N™ Go) — (M™, g) is f-harmonic if and only if the function fa'™ is constant.
The expression of the f-bitension field of the map ® is given by the following Theorem.
Theorem 2.1. The f-bitension field of the map ® : (M™ x4 N",Go) — (PP, k) defined by
O (x,y) = ¢ (x) is given by the following formula
2
Top () = fro () — nf <Trg (v¢) d¢ (gradlna) + TryRY (d¢ (gradn ) , dg) d¢>>

—f <2vg)radlnf7_ (¢) + nvjradlna’r ((b))

—nf (2vf])radlnfd¢ (gradlna) + nvzmdlnad(;ﬁ (gradln a)) (2.6)

— f <\grad1nf]2 +Alnf+ndln f (gmdlna)) 7 (9)

—nf (]gradlnf|2 +Alnf+ndln f (gradlna)) do (gradlna) .
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Proof of Theorem By definition of the f-bitension field, we have
Top (B) = —Trg, (V®)? fr(®) — fTrg, RY (7 (D) ,d®) dd, (2.7)

where
T(®) =7(¢) + nd¢ (9gradIn ) .

Looking at the first term Trg,, (V‘I))Q f7(®), we have

2
Tro. (V7)) f7(®) = V{0 Vo /™ (@) = Vo 0l (®)
2.8)
1 [ [} 1 P (
T 2VonVonS™® =5V el (®)

We will give a detailed calculation of this last equation. For the term VEI;Z,’O)V‘(I;’O) fr(®)—

\' )(ei’o)fT (®), we have

(el-,O

Vi) Vo0 (®) = vg(ei’o)(eip) f7(®)
= Vo Ve /70 =V 0T ©)
+ nvf’ei70)v§;i70)fd¢ (gradlna) — nV%(Ei,O)(ei’O)quZ) (gradlnea).

A simple calculation gives

vaiyo)vamo)fT (¢) - V% O)f'r (¢)

(e:0) (€4
= 171y (V) 7 (0) 4 27V 10 7 (9)
+f <|gmd1nf|2 ¥ Alnf) 7 (4)

and

Vo) V0 fdo (gradlne) = VE - fdo (gradlna)

(e3:0)
2 o
= fTry (V¢) d¢ (gradln o) + 21V adm pd0 (gradlna)
+f (\gradln f?+Aln f) d¢ (gradln a) .
Then
) @ - P
Vieo)Vien0) /T <¢) - V@(eivo)(eho)ﬁ (®)
2 2
= fTry (Vd)) T(¢) +nflry (V¢> d¢ (gradln o)
+ 2fV§md1nfT (¢) + 2an§mdlnqu§ (gradln ) (2.9)

4 f (ygmdlnf\2 +Aln f) ()

+nf (|gradlnf\2 + Alnf) do (gradln o).
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In the same way, we obtain

P (] _
Vo5 Vo) /7 (®) =0

and
VQ( )(0 f])fT ( ) - _nO‘Qvgmdln afT (¢) ZVjTad lnocfd(b (gT’ad In O[)
= —nfa2V§md1na (¢) — n2fa2vﬁmdlnad¢ (gradln ) (2.10)

—nfaldln f (gradlna) T (@)

n?faldln f (gradlna) de (gradln o) .
By replacing (2.9) and ( in , we deduce that

Tra, (V22 f7(®) = fTr, (v¢) * () + nfTr, (v¢) * do (gradina)
+ 2fvgradln (d)) + nfvgradlnoe ((;5)
+ 2an

d¢ (gradIna) + n?fv? do (gradIn o) (2.11)

gradln f gradln o

+f <|g7’aallnf|2 +Alnf —i—ndlnf(gradlna)) 7(9)

+nf (\gradlnf|2 +Alnf+ndlnf (gradlna)) do (gradlna).
Finally, the calculation of term Trg, R (1 (®),d®) d® is simple, we have

Trg,RY (1(®),d®)d® = RY (1 (®),d® (e;,0)) d® (e;,0)
+ %RP (7 (®@),d® (0, f;)) d® (0, f;)
= RV (7 (®),d® (e;,0)) d® (e;,0)
=R (7(¢) . dg (i) dop (e:)

+ nRY (dp (gradIna) ,d¢ (e;)) do (e;) .

It follows that

Trg, RY (1(®),d®)d® = Tr,RY (1 (¢),d¢) dp + nTryRY (d¢ (gradlna),dp) de. (2.12)
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By substituting (2.11]) and (2.12)) in (2.7]), we arrive at the following formula

705 (@) = f12(9) — nf (Trg (v¢)2 do (gradin @) + TryR” (do (gradin o), dg) d¢>
- f (2V?Tadln fT (¢) + nvﬁradlnaT (¢)>
—nf <2V§radlnfd¢ (gradln o) + an])mdlnaqu (gradln a))
—f (|g7’adlnﬂ2 +Alnf+ndln f (gmdlna)) 7 ()

—nf (|gradlnf|2 +Aln f+ndln f (gradlna)) d¢ (gradln ).

Theorem allows us to establish the f-biharmonicity condition of ®.

Remark 2.2. The map @ is f-biharmonic if and only if

T2 () —n <Trg <V¢)2 d¢ (gradlna) + TryRY (d¢ (gradln ) , do) dqb)
~ (lgradn 1> + Ao f + ndin f (gradine)) 7 (6) = (2V g1 ™ (@) + 0V pparna™ (6))
—n <\gmdln fP+Alnf+ndlnf (gmdlna)) do (gradln o)

=1 (2V0, a1 140 (gradna) + n¥5, 41, 40 (gradina) ) =0,

And in the case where ¢ is harmonic, we obtain

Corollary 2.1. If the map ¢ : (M™,g9) — (PP, k) is harmonic, we deduce that ® is f-
biharmonic if and only if
2
Tr, (v¢) d¢ (gradlna) + TryRY (d¢ (gradln o), d¢) db
+2v? rdo (gradina) + nv?® d¢ (gradln o)

gradln gradlna

+ <|gradln fI*+Aln f 4+ ndln f (gradIn a)) d¢ (gradln o) = 0.
In the particular case where f = «, the map ® is f-biharmonic if and only if
o) P
Tr, (V?) do (gradin ) + TryR" (d6 (gradln f), o) do
+ ((n +1) |gradln f|* + Alnf) d¢ (gradln f)
+(n+2) VO g1 40 (gradin f) = 0.

The first projection corresponds to the case where ¢ = Idyy, its f-biharmonicity is given

by
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Corollary 2.2. The first projection Py : (M™ x4 N, Go) — (M™, g) defined by Py (x,y) =

x 18 f-biharmonic if and only if
gradAlna + (|gradln f*+Alnf+ndln f (gmdlna)) gradln a

+ QVj;mdlanTad Ino + ggmd (]gmd In a\Q) + 2Ricci (gradlna) = 0.

If f = «, the f-biharmonicity condition of the first projection Py : (M™ x;y N",G¢) —

(M™,g) is given by the following equation
gradAln f + ((n + 1) |gradin f|* + Aln f) gradln f
2
+ (n;)grad (\gmdln f]2> + 2Ricci (gradln f) = 0.
Corollary [2.2] allows us to give an example of a f-biharmonic map.
Example 2.1. Let P : R} x4 N* — R the first projection. By Corollary Py s

f-biharmonic if and only if the functions fi (t) = (In f (t))" and a1 (t) = (Ina (t))" satisfy the

following differential equation
floa + fiar +nfiaf + of + nara) + 2f1a) = 0.

We will look for solutions of type f1(t) = ¢ and a1 (t) = % where a,b € R*, then the first

projection Py is f-biharmonic if and only if
(a—1)(a+nb—2)=0.

We distinguish two cases :

(1) If a = 1, Py is f-biharmonic if and only if f(t) = Cit and o (t) = Cot® for any
b € R*, where Cy and Cs are positive constants.
(2) If a =2 —nb, Py is f-biharmonic if and only if f (t) = C1t>~™° and a (t) = Cat® for

any b € R*, where C1 and Cy are positive constants.

Now we will determine the f-biharmonicity condition of the map ¥ : (M™ x, N, G,) —

(PP, k) defined by ¥ (z,y) = ¢ (y) where ¢ : (N, g) — (PP, k) is a smooth map.
Theorem 2.2. The f-tension field and the f-bitension field of ¥ are given by

T (V) = <OJ:2 ° 7r> 7 (1) (2.13)
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and

s () = (Lom) (o)

- (Oi; (A s+ lgradin f?) o ﬂ) 7 (¥)
(2.14)

+ (oj; (2A1na + (2n —4) |gmdlna!2> o7r> 7 (¢)
—(n—4) <0{2 (dln f (gradlna)) o 7r> T ().

Proof of Theorem Let’s start with the calculation of the f-tension field of ¥, we

have

7t (V) =Trg,Vfd¥
=V, 0)fd (¢,0) = fd¥ (V.0 (€:,0))
f f
+ (062 o) Vi 1d¥ (0.5;) = (5 o7 ) av ( o) (0, f])>
By equation , we deduce that

77 (W) = ((i; ° 7r> VY d (f;) - <C{2 ° ﬂ) dy (Vy,f5)

then

7 (0) = (fow)f(w).

2
e
It follows that W is f-harmonic if and only if ¢ is harmonic. Let’s go to the calculation of

72 ¢ (¥), we have
Top (0) = =Trg, (VY)? f7(¥) = Tra, RY (fr (¥),d¥)dV, (2.15)
where

a2

T (¥) = <1o7r> T ().
By definition of Trq,, (V\I’)Q fr (), we have

2
Tra, (V\Ij) fr (\Ij) - VEI;mO)VEIémO)fT (\I/) N V%(e. 0)(e¢,0)f7— (\IJ)

1 N N 1 N
+ <az ° ”) V.1 V0.0 /7 (V) = <a2 ° ”) VS o0 T
The calculation of the terms of this equation gives us
VEI;,O)VEI;,O)JCT (\I/) - V% fT ( )

(e4:0) e“

= (J; (Alnf—l- \gradin f|* — 2AIn o + 4 |gradIn of? —4dlnf(gradlna)) ow) T (),
«

1
<Ogow>v§6fj (0.5, 7 (¥) = <<Oi>ow>v$jv%7(w)
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and

1

+n (OJ; (2 lgradInof®* —dIn f (gradlna)) o 7r> 7 ().

) Ve, 4

Which gives us
Tre., (vif fr (J) = <f4 o w> Trp V27 (¥)

o
+ <O‘; (A In f + Igmdlnf|2) 07T> 7(¥)

f (2.16)
_ <a2 (QAlna + (2n —4) |gradln a|2) o 7r> T ()

+ (n—4) <o{2 (dln f (gradlna)) o 71') T ().

Finally for the first term Trg, RY (f7 (¥),d¥)dV, it is easy to verify that

/ ) TraRP (7 (6) i) do.

Trg,RY (fr (¥),dV)d¥ = (a4 om (2.17)

If we substitute (2.16]) and (2.17)) in , we obtain

ny@=(Lor)nw
_ ( ! (Alnf-|- |gmd1nf!2) o7r> 7 (¥)

a2
a2

+ ( / <2Alna + (2n —4) |gradlna|2) °7T> 7 (%)

—(n—4) <f2 (dln f (gradlna)) o 7r> T ().
Q
If the map 1 a biharmonic non-harmonic, we obtain :
Corollary 2.3. If v is a biharmonic non-harmonic map, then V is f-biharmonic if and only

if the functions f and « satisfy the following equation

Aln f + |gradln f|> — 2AIna + (4 — 2n) |gradIna)? + (n — 4) d1n f (gradIna) = 0.

And if f = «, the last equation becomes

Alnf+ (n—1)|gradln f* = 0.

We will have two cases
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(1) If n # 1, by calculating the Laplacian of the function f"~1, we deduce that the map
U (M™xp N, Gy) — (PP,k) is f-biharmonic if and only if the function fr=1 is
harmonic.

(2) Ifn=1,V: (M™ xy N",Gy) — (PP, k) is f-biharmonic if and only if the function

In f is harmonic.

In the same construction context, let’s look at the identity map Id : (M™ x4 N", Go) —

(M™ x N",G).

Theorem 2.3. The identity map Id: (M™ x4 N",Go) — (M™ x N, Q) is f-biharmonic
if and only
gradAlna + QV%adlnfgrad Ina+ ggrad (|g7“ad lna]2)

+ (A In f + |gradn f|* + ndln f (gradIn a)) gradln o (2.18)
+ 2Ricci™ (gradlna) = 0.
Proof of Theorem By definition of the f-tension field of Id, we have
75 (Id) = Ve, 0 f (€:,0) = f (%(61,0) (%0))
+ év(o,fj) (0, f5) — ai ( 0,£7) (0, fa))

It is simple to see that

Vie,0)f (€:,0) = Ve, 0) (€;,0) + f (gradIn f,0) = (Ve,e;,0) + f (gradIn o, 0),
v(ei,O) (€i7 0) = (veieiu 0) )

Vs (0.£) = 0.V, ;)
and
Vo (0. £5) = (0,V,f;) — na? (gradina,0).
Then
71 (Id) = f (gradIn f,0) + nf (gradna,0) = f (gradIn (fa™),0).

From the expression of 77 (Id), we deduce that Id is f-harmonic if and only if the function

fa'™ is constant. The biharmonicity condition of the identity map Id is given by the equation

Trg, V2 f (gradlna,0) + f2Trg, RM*N ((gradin f,0), d¢) dé = 0. (2.19)
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For the first term A Trg, V2f (gradlna,0) of equation (2.19)

Trq,V?f (gradlna,0) = Viei0)Vier,0f (gradina,0) — Vg( _ 0)(ei70)f (gradlna,0)

. (2.20)

+ 2 <v(0,fj)v(0,fj)f (9radlna,0) — V@(O , )(o,f]-)f (gradln a,O)) :
i

The separate calculation of these terms gives us

Vie;,0)V(er,0)f (gradIna,0) — V@(ei’o)(eijo)f (gradlna,0)
= [ (TryV?gradina,0) + 2f (V) g1 pgradine,0) - (2:21)

+f (Alnf + |gmdlnf\2) (gradlnc,0),
and

V(O,fj)v(o,fj)f (gTCLd In «, O) - V6 (ij)f (g'f’ad In a, 0)

(0.15)

: (2.22)
=nfa? <2 (grad (|gradlna|2> ,0) +dln f (gradln«) (gradlna,O)) .

From the equations (2.20)), (2.21)) and ([2.22]), we obtain

Trgavzf (gradln,0) = f (TrgV2gradln Q, O) +2f (Vgﬁadlnfgradln a,O)
+ f (A]nf + |gradln f|2 +ndln f (gradlna)) (gradlna, 0)
n
+ §f

(gmd <\g'radlna|2> ,0) i

By using the fact that (see [17])
TTgV2gradf = gradAf + Ricci (gradf)

we conclude that

Tra,V2f (gradlna,0) = f (gradAlna,0) + 2f (Vé\/r[adlnfgradln @, 0)

+f <A In f + |gradIn f|* + ndln f (gradIn a)) (gradlna,0) (2.23)
n

5f

+ (grad <|gradln a|2> 70) +f (RicciM (gradlna),0) .

Finally, it is clear that

Trg,R((gradlna,0),d¢)dp = (Ricci (gradlna),0). (2.24)
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The equations and give us
Tra,V2if (gradln o, 0) + + fTrg, RM*Y ((gradln o, 0) , d¢) do
= f(gradAlna,0) + 2f (V;\:{adlnfgradln ,0)
+ f <A In f + |gradIn f|* + ndln f (gradlna)) (gradlna,0)
+ gf (grad <|gradln a|2> ,O) +2f (RicciM (gradln «) ,0) .

Then the identity map Id : (M™ xo N",Go) — (M™ x N", @) is f-biharmonic if and only
if
M n 2
gradAlnoa+ 2V .0, pgradlna + §grad (|grad In o )
+ (A]nf + |gradln f|2 + ndln f (gradlna)) gradlna

+ 2Ricci™ (gradlna) = 0.

The following corollary results from the case where f = a.

Corollary 2.4. Id: (M x§ N,Gy) — (M x N,G) is f-biharmonic if and only if

n—+ 2

gradAln f + grad <|grad In f]2) + 2Ricci™ (gradln f)

+ <A1nf+ (n+1) \gradlnf|2> gradln f = 0.

Theorem [2.3] gives us the following example.

Example 2.2. Let Id : R™ \ {0} xqo N® — R™ \ {0} x N™ when we suppose that the
positives functions f and « are radial. Then by Theorem we deduce that the identity
map Id is f-biharmonic if and only if the functions fi (r) = (In f (r)) and a1 (r) = (Ina (r))’
are solutions of the following differential equation

1, m-1

m—
floq + fiag + nfiaf +off +naral +2f1a] + —a - ar = 0.

r2

. . . . o b
A method to solve this equation is to look at the solutions of the form fi (r) = % and oy (1) = 7

(a,b € R*), thef-biharmonicity of 1d is expressed by the algebraic equation
a®> 4 (nb—3)a — (nb+2m —4) = 0.

For this equation, we can distinguish the following cases :

(1) If m = 1, we obtain two solutions a =1 and a = 2 — nb.
e Fora =1, Id is f-biharmonic if and only if f (r) = Cir and o (r) = Car® for

any b € R*, where C1 and Cy are positive constants.
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e Fora =2 —nb, Id is f-biharmonic if and only if f (r) = C1r>~™ and o (r) =
Cort for any b € R*, where C and Co are positive constants.

(2) For m > 1, the equation a® + (nb — 3)a — (nb+2m — 4) = 0 has two real solutions

3—nb+ A
a= —
2
and
a_3—nbfA
= 5 ,
where

A=/n2b2 — 2nb + 8m — 7.
e For a = w, Id is f-biharmonic if and only if f(r) = CiVr3—nb+4 and

a(r) = Cyr? for any b € R*, where Cy and Csy are positive constants.
o For a = 3=%=A " 1d js f-biharmonic if and only if f (r) = C1Vr3—"0=4 and

a(r) = Cyrt for any b € R*, where Cy and Cy are positive constants.

As a last result, we give a theorem analogous to Theorem [2.3 by considering the identity
map Id: (M™ x N",G) — (M™ xo N",Gy).
Theorem 2.4. The identity map Id: (M™ x N",G) — (M™ x4 N",Gy) is biharmonic if

and only if
gradAlno + 2V gq41n pgradln o + (2 — ga2) grad <|grad In a|2>

+ (A Inf + |gradln f|? + 4d1n f (gmdlna)> gradlna
+ (QA Ino+ (4 — 2na2) |gradln a\2) gradlna + 2Ricci (gradlna) = 0.
Proof of Theorem By definition, we have
7 (1d) = [V(e,0) (€5,0) + i (f) (€3, 0) = fdo (Ve,e1,0)
+ V0,1, (0, f) = £do (0, V 1, f5)
= fd¢ (Ve,€i,0) + f (gradln f,0) — fdp (Ve e;,0)
+ fdo (O, ijfj) —na? (gradln o, 0) — fdg (O, ijfj) ,

it follows that

7t (Id) = f ((gradln f,0) — na? (gradlna,0)) .
It is simple to see that in this case Id is f-harmonic if and only if f = Cez® . The identity
map Id is f-biharmonic if and only if

TraV2fo? (gradlna,0) + fa*TrgR ((gradln o, 0) ,-) - = 0. (2.25)
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For the first term TreV2fa? (gradlna, 0), we have

TrgﬁZfaz (gradlna,0) = %(6%0)%(%0)]“&2 (gradlna,0)

— 6(ve‘ei’0)fa2 (gradln o, 0)
e = (2.26)
+ faVio,1) Vo) (gradlna,0)

— fa2§( gradlna,0).

vafjfj) (
The terms of equation ([2.26)) are calculated from the same method used in Theorem we
find

6(6i’0)§(ei’0)fa2 (gradln o, 0) — §(v6iei70)fa2 (gradlna,0)
= fa? (gradAlna,0) + 2fa? (Vgradin fgradIna;,0)
+ fo? (A In f + |gradln f]z) (gradlna,0)
+ 2fa? <A Ina + 2|gradln a|2> (gradlna,0) (2.27)
+4fa’dIn f (gradln ) (gradIn o, 0)
+2fa? <gmd (]gmdln 04\2) ,0)

+ fa? (Ricci (gradln o) ,0),

and
Vio,;) Vo, (gradina, 0) — V<0’Vf.fj) (g9radlna,0)
g (2.28)
= —na? |gradIna)? (gradln o, 0) .
If we replace (2.27)) and (2.28)) in (2.26)), we deduce that
TreV2 fo? (gradlna,0) = fo? (gradAlna,0) + 2fa? (Vgradin rgradln o, 0)
+2fa? (grad (|gmdlna|2) ,O) + fa?Aln f (gradln a,0)
+2fa’Alna(gradlna,0) + fo? |gradin f|? (gradIn o, 0)
(2.29)

+4fa’dIn f (gradln o) (gradlna,0)
+ fa? (4 — na?) |gradIn af? (gradina,0)
+ fo? (Ricci (gradln ) , 0) .

To calculate TrgR ((9radlna,0),-) -, we use the relation between the curvature tensor fields

of G, and G, we obtain

R ((gradlna,0),(e;,0)) (e;,0) = (Ricci (gradlna) ,0)
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and

R((gradlna,0), (0, f;)) (0, f;) = —na? \gradIn a|? (gradIn a,())—%oz2 <grad (|gradln a\z) ,0) .

It follows that
TTgé ((gradlna,0),-)- = R ((gradlna,0), (e;,0)) (e;,0)
+ R((gradna,0), (0, f;)
= —na? |gradlna)? (gradln o, 0) (2.30)
_ ga2 (grad (]grad In a|2> ,0)
+ (Ricci (gradlna) ,0) .

By replacing (2.29)) and (2.30)) in (2.25)), we conclude that the identity map Id : (M™ x N*,G) —
(M™ x4 N™ G,,) is f-biharmonic if and only if

gradAlna + 2V a4 pgradln o + (2 — ga2) grad (\gmdln a]2>
+ (A In f + |gradln f|* + 4d1n f (gradlna)) gradln a
+ (ZA Ino+ (4 — 2na2) |gradln a|2) gradlna + 2Ricci (gradlna) = 0.
If f = «a, we obtain
Corollary 2.5. The identity map Id: (M™ x N",G) — (M™ x; N",Gy) is f-biharmonic
if and only if
gradAln f + <3A Inf+(9—2nf? ]gmdlnf\Q) gradln f
+ <3 - ng) grad (|grad1nf\2) + 2Ricci (gradln f) = 0.
As an application of the Theorem [2.4] we give an example of a f-biharmonic map.

Example 2.3. Let Id: R} x N" — R’ Xy N™ the identity map and let f and o a positive
functions on RY .. By Theorem% 1d is f-biharmonic if and only

floq + fiog +4f103 + of +6a1a] + 2f104 — nalaid) — 2natad + 403 =0,

where f1 (t) = (In f (t))" and a1 (t) = (Ina (). In solving this equation, we found particular
solutions given by f (t) = Cit and a(t) = Ca\/t, where Cy and Cy are positive constants,

which implies that the identity map Id : R} X N" — R% X4 N™ is f-biharmonic.
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