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ABSTRACT. The main purpose of this article is to introduce a new class of metric on an
anti-paraKéhler manifold (M?™, ¢, g). First we investigate the Levi-Civita connection of
this metric. Secondly, we study some properties of Riemannian curvature tensors. Finally,
we characterizes some class of harmonic maps.
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1. INTRODUCTION
Let (M™, g) be an m-dimensional Riemannian manifold and 33(M) the set of all vector
fields on M. We denote by Ffj the Christoffel symbols of g and by V the Levi-Civita
connection of g, this connection is characterized by the Koszul formula

+9(Y,[Z, X]) — g(X,[Y, Z]). (1.1)
for all X,Y, Z € S{(M).
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The Riemannian curvature tensor R, the Ricci tensor Ricci and the Ricci curvature Ric

of (M™,g) are defined respectively by

R(X,Y)Z = VxVyZ-VyVxZ-VixyZ, (1.2)
Ricci(X) = > R(X,E)E; (1.3)
i=1
Ric(X,Y) = Y g(R(X,E)E;,Y) = g(Ricci(X),Y), (1.4)
i=1
for all vector fields X,Y,Z € S4(M), where (Ey,--- , Ey) be a local orthonormal frame on

M.
Consider a smooth map ¢ : (M™,g) — (N™, h) between two Riemannian manifolds, then

the tension field of ¢ is defined by
7(¢) = traceyVde. (1.5)

The energy functional of ¢ is defined by

1
B.D) = [ 146 v, (16)
D
such that D is any compact of M, where v, is the volume element on (M™, g).
A map ¢ is called harmonic if it is a critical point of the energy functional F. Equivalently,

¢ is harmonic if it satisfies the associated Euler-Lagrange equations given by the following

formula:
7(¢) = 0. (1.7)

For more detail on harmonic maps, see [7, 6, 8]. In recent years, this theme has been widely
developed even on the tangent bundle and on the cotangent bundle has been done by many
authors [2, 3], [4] 5 [13], [14], 15]. These and more general mappings of Riemannian and affine
connected spaces are explored in monograph [9].

In the present paper, we first introduce a new class of metric on an anti-paraK&ahler
manifold, namely the semi-conformal deformation of Berger-type metric. Then we calculate
Levi-Civita connection of this metric ( Theorem . Secondly, we investigate all forms of
curvature tensors (the Riemannian curvature, the sectional curvature ,the Ricci curvature
and the scalar curvature) see ( Theorem Theorem Theorem Theorem and
Theorem. In the last section we study the harmonicity with respect to the semi-conformal

deformation of Berger-type metric which is an interesting research task, as we studied on
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some class of harmonic maps ( Proposition Theorem Proposition Theorem
Proposition and Theorem 4.4)).

2. SEMI-CONFORMAL DEFORMATION OF BERGER-TYPE METRIC

Let M be a 2m-dimensional Riemannian manifold with a Riemannian metric g. An almost
paracomplex manifold is an almost product manifold (M?™, p), ¢? = id, ¢ # =+id such that
the two eigenbundles T+ M and T~ M associated to the two eigenvalues +1 and —1 of ¢,
respectively, have the same rank.

The integrability of an almost paracomplex structure is equivalent to the vanishing of the

Nijenhuis tensor:
N‘P(Xa Y) = [QDX7 SOY] - QD[SOXa Y] - SO[Xv QDY] + [Xv Y]

An anti-paraHermitian metric (B-metric)[10] with respect to the almost paracomplex struc-

ture ¢ is a Riemannian metric g such that

9(pX,0Y) = g(X,Y), (2.8)

i.e. is a (pure metric)

9(pX,Y) = g(X, ¢Y), (2.9)

for any vector fields X,Y on M.

If (M?™, ) is an almost paracomplex manifold with an anti-paraHermitian metric g,
we say that the triple (M?™, ¢, g) is an almost anti-paraHermitian manifold (an almost B-
manifold)[TI0]. If ¢ is integrable, we say that (M?™, ¢, g) is an anti-paraKihler manifold
(B-manifold) [10].

The purity conditions for a (0, g)-tensor field S with respect to the almost paracomplex

structure ¢ given by
S((le,XQ’ N ,Xq) = S(Xl,(pXQ, e ,Xq) =...= S(Xl,XQ, e ,(qu),

for any vector fields X1, X»,..., X, on M [10].
It is well known that if (M?™, ¢, g) is a anti-paraKihler manifold, the Riemannian curva-

ture tensor is pure [10], and we have
R(pY,Z) =R(Y,pZ) = R(Y,Z)p = ¢R(Y, Z), (2.10)

for all vector fields Y, Z on M.
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Definition 2.1. Let (M?™, ¢, g) be an almost anti-paraHermitian manifold. We define semi-

conformal deformation of Berger-type metric of g on M noted By by

FeX,Y) = g(X,Y)+5%g(X,0)g(Y, ¢8),

for all X, Y € S§(M) and & € I(M) such that g(&,€) = 1, where § is some constant. (there

are other works on the deformation of Berger-type metric on the tangent bundle and on the

cotangent bundle see for example, [1, [11], 12]).

In the following, we consider g(Vx(¢£),Y) = g(Vy(¢€), X), where V denote the Levi-
Civita connection of (M?™, ¢, g).

Note that we have,

9 = 17
9(€, ©€) (2.11)
9(Vx(#€),9€) =0,
for all vector field X € S§(M).
Lemma 2.1. Let (M?™, ¢, g) be an anti-paraKdhler manifold, then we have
X5P(v,2) = “Pg(VxY,Z) +5P(Y,VxZ) + 6°9(Z, p€)g(Y, Vx (8))
+0%9(Y, 0€)g(Z, Vx (#€)), (2.12)

for all vector fields X,Y, Z € S§(M).

Theorem 2.1. Let (M?™,¢,q) be an anti-paraKihler manifold. If BV denote the Levi-

Civita connection of (M*™, 58q), then we have the following

62
SByxYy = VXY+H7529(VX(<P5)>Y)<P5 (2.13)

for all vector fields X,Y € I§(M).

Proof. From Kozul formula (1.1]), we have
25%(PVxY,2) = X (Y, 2) +Y®P(Z X) - 2°%9(X,Y) + (2, 1X,Y])

+984(v, (2, X]) - SBg(X, [V, Z)).
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Using ([2.12)), we get

25%(°PVxY, Z) = SPg(VxY,Z)+P(Y,VxZ) + 69(Z,0€)g(Y, Vx (¢€))
+629(Y, 0€)9(Z, V x(€)) + *P9(Vy Z,X) + 55(Z, Vy X)
+0%9(X, 0€)9(Z, Vy (9€)) + 0%9(Z, 0€)g(X, Vy (¢€))
—5(V2X,Y) = Pg(X,V7Y) = 8%9(Y, €)g(X, V 2(€))
—6%9(X, 0€)g(Y, V2(€)) + P9(2,VxY) = %P4(Z,Vy X)
+P(Y, V2 X) = 55V, Vx Z) = 5Pg(X, Vv Z) = *P4(X,V 2Y)

= 2589(VxY, Z) +26%9(Vx(¢€).Y)g(p€, Z)
2

2
= 9298 Y, Z)+ ——

(Vx(9€),Y)G(gE, Z).

Hence, we get

2

SB
Y = Y+ ——+
Vx Vx +1+529

(vX((PE)7 Y)ng

Using (2.11)) and (2.13)), we obtain the following

FBVx(p€) = Vx(pf), (2.14)
for all vector field X € S§(M).

3. CURVATURES OF SEMI-CONFORMAL DEFORMATION OF BERGER-TYPE METRIC

Theorem 3.1. Let (M?™, ¢, g) be an anti-paraKdihler manifold. If BR denote the Riemann-

ian curvature tensor of (M?™,5Bg), then we have the following

2 2
PRIX,Y)Z = R(X,Y)Z+ 1j(529(R(X, V)€, 206 + 155 9(Vr (9€), 2)Vx (6)
2
(Vx(9€), Z)Vy (#€), (3.15)

BETE

for all vector fields X,Y,Z € S (M), where R denote the curvature tensor of (M>™,p,g).

Proof. For all X,Y,Z € S§(M),

SBR(X, Y)Z — SBVXSBVYZ o SBVYSBVXZ o SBV[X,Y] 7.
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By virtue of (2.13) and (2.14)), we obtain

2
SBy SByy 7z = SBVX(VYZ+

1+52g

1:52X(9(Vy(<p€), 7)) @€

(Vy (#€), 2))% PV x (¢€)

2
1+62g(

(Vy(¢€), 2)¢¢)

= SBV)((V}/Z) +
2

+1+629

= Vx(WwZ2)+ Vx(¢€), (Vy Z))p

52 2
+1+7529(VXVY(90§%Z)4P§ + mg(

2
1+ﬁg

Vy (0€), Vx Z)pé

+ (Vy (¢€), Z2)V x ($6).

In fact, by substituting X by Y into the BV x*BVy Z, we get,
2

SBw. SB
J = A —_—
Vy~PVx Vy(VxZ) + . _HSQQ(

Vy (¢€), (VxZ))p

2 52
+1+7529(va)((90§)’ Z)@ﬁ + mg(vx(go{), VyZ)(pf
2
+1_’_7529(VX(90§)7Z)VY(90§).

We also find

52
BV xyvZ = V[X,Y]Z+WQ(V[X,Y}(QOQ,Z)SD&

Hence, we have
52
PRXY)Z = RXY)Z 4 15 9(ROX Y )€, Z)¢¢

2 2

+mg(VY(SO§), 2)Vx(#€) = 1+ 627

(Vx(¥§), Z)Vy (#5).

Theorem 3.2. Let (M?™,¢,g) be an anti-paraKihler manifold. If K (resp., SPK) denote

the sectional curvature of (M>™, @, q) (resp., (M*™,58g)), then we have the following

2
1+$g

1

1+ 6%g(X, p€)? + g(Y, p€)?
2
0Ty (96), V) (Vx (0), X)), (3.16)

SBK(X7 Y) = (VX(QOE)vy)Q

(K(X, Y) -

for any X, Y € S§(M) two vector fields orthonormal with respect to g.

Proof. For z € M, V,W € S$§(M) and such that V, and W, are linearly independent,
the sectional curvature of the plane spanned by V, and W, is given by

SBy(SBR(V, W)W, V)
SBy(V,V)SBg(W, W) — SBg(V, W )2’

SBR(V,W) =
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First we calculate,

PoPRIX, Y)Y, X) = g(°PR(X,Y)Y,X) + 6°g(*PR(X, Y)Y, p€)g(X, ).

From (2.11)) and (3.15)) with direct computation we get,

2
STYTROGY)Y, X) = g(ROGYIY,X) 4 1o g(ROX Vg6 V)g(e6, X)

2
+1j529(VY(80§)7Y)9(VX(90§)=X)

2
1+ 629(
+6%9(X, p€) <Q(R(X» Y)Y, ¢)

Vx(#€),Y)g(Vy(¢€), X)

52
529 (R Y)eE, Y)g(eg, ¢€)

2

+ 1 j_ 52 9(Vy (9€),Y)g(Vx(£8), p§)

2
s 0(Vx(6), V)g(Ty (98),68) ).

By simple calculation, we find

2
SEIROCYIY,X) = g(RUX Y)Y, X) + 10 (RUX Y)e6 Y )g(X, 96)

2
0Ty (66, V)g(Vx(56)X)

2

1 529(Vx(0). Y)? = 6%g(R(X,Y)p€, Y)g(X, 9€)
T 0B, Y )0 V)a(X, 06)
= K(X,Y)- H;g(vx(cpﬁ),Y)Q
0Ty (4, V)g(Tx (56), X)) (3.17)
On the other hand, we have
SBy(X, X)5By(Y,Y) — SBg(X,Y)? = 1+ 6%g(X, )2+ g(Y, p€)?). (3.18)

From (3.17)) and (4.33)), we get the formula (3.16]).

Corollary 3.1. If V& = 0, the sectional curvature SBK of (M?™, 58g) is given by

K(X,Y)
14 629(X, p€)2 + g(Y, p€)?

for any X, Y two vector fields orthonormal with respect to g.

SBR(X)Y) =
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Remark 3.1. Let {E;},_i5— be a local orthonormal frame on (M>™, ¢, g), such that

i=1,2m

Ey = @&, we define the orthonormal vector fields

~ 1

B, = \/ﬁEl,Ei =FE;, i=2,2m, (3.19)
then {Ez}z:m is a local orthonormal frame on (M?*™,5Bg).

Theorem 3.3. Let (M?™,¢,q) be an anti-paraKihler manifold. If Ricci (resp. SPRicci)

denote the Ricci tensor of (M?™, @, q) (resp., (M*™,589)), then we have the following

52 52
Ricci(X) = Ricci(X) 55 R(X,€)¢ 55 Ric(X, p&)p€
(52 . 2
+mdw(¢f)vx(<ﬂ§) - mvvx(ws)(wf), (3.20)
for all vector field X € S§(M).
Proof. Let {El}z:m be a local orthonormal frame on (M?™,9Bg) defined by 1)

By the definition of Ricci tensor, we have

2m
SBRicci(X) = > SPR(X,E))E;

=1
1 2m
-1 + 62 SBR(X’ P&)pE + Z SBR(X, E))E;.

1=2

From (2.10)), (2.11)) and (3.15)) with direct computation we get,

2

b
SBRicci(X) = 1iéz(R(X,sof)@&Jr1Jr529(1%()(7905)@5,<p€)90€

5 52
529Vt (9), 06 Vx (06) = 539(Vx (96), 06) Vie (6)

m 52
+3 (R(X, E)E; + 1——529(R(X, B)€, Bt
=2

2 2
O (Vi (0E), BV (96) — — g(V (), BV i (06)
140 146

1 52
52 52
e POV (98) = T3 Vos(en (#8)
2 2

1) )
mR()Q §)E — WRZC(X, &) €

2 2

5 5
POV (98) = 1753 Vox(ee) (96)-

+

= Ricci(X) —
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Theorem 3.4. Let (M>?™, ¢, g) be an anti-paraKihler manifold. If Ric (resp. ®PRic) denote
the Ricci curvature of (M*™, p, g) (resp., (M?™,58g)), then we have

2 2

0
SBRiC(Xv Y) = Ric(X,Y) - WQ(R(X; §E,Y) — mﬂ(vxf, Vy¥§)

2
(g (Vx(6),Y), (3.21)

for any vector field X € I5(M).

Proof. Let {E;}, be a local orthonormal frame on (M?™,9B3) defined by (3

i=1,2m

By the definition of Ricci tensor, we have
SBRic(X,Y) = SB3(°BRicci(X),Y)
= 9(*"Ricci(X),Y) + 8°g(*PRicci(X), p€)g (Y. ¢€).

From the formula ([3.20)) and direct computation we get,

2

PPRie(X,Y) = g(Ricci(X),Y) = T——59(R(X, §)&,Y)
2 52
— 1 5o e(Xs 98)g(98,Y) + s div(9€)g(Vx (#€),Y)
52

1 529(Voxee (96).Y)
52
+5%9(7,06) (9( Ricci(X), 96) ~ T30 R(X, )6, 96)

2 2

Ric(X, p€)g(§, p€) + ——=div(9€)g(Vx (¢€), ¢€)

1462 1+ 62
52
—mg(vvx(w@ (¢€), 905))
bk 62
= Rie(X,Y) = ;=55 9(R(X,8Y) = ;55 Rie(X, 0)g (Y, 9¢)
52 52
52 di0(e0)g(Vx (9€).Y) = 1539(VvE, Vxd)
2
+ Ric(X, p€)g(Y, ¢§)

1+ 62
2 2

o
= RielX.Y) = 1 0(ROGEOEY) + 15 div(@)g(Vx(6).Y)

52

—WQ(VX&VYO-

Theorem 3.5. Let (M>™,¢,g) be an anti-paraKdhler manifold. If o (resp., SBO’) denote
the scalar curvature of (M>™, p, g) (resp., (M?™,5Bg)), then we have the following

2 2 2

20 ) 1)
o = 0= G Rie(€€) + 155 [div(p))? — gztrace,g(VE, VE). (3.22)
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Proof. Let {E; }i—Tm be alocal orthonormal frame on (M?™ 5Bg) defined by (3
We have

2m
SBO‘ = Z SBRiC(EZ', Ez)
i=1

2m
1 .
= 7 +5ZSBch(cp§ ©&) + E SBch(Ei,EZ-).
i=2

From the formula (3.21)) and direct computation we get,

2

1 o
P = o (Riclet.96) — T 59(R(£E.EE,6)

2 2
1 462 dl'l}((pf) ( 905(905)7 90€> - mg(vpgf, V%f))

2

)
+ E (RlC(EZ,EZ) — WQ(R(EZaé)gaEZ)
=2

2 52
+Wdiv(@£)g(in(@§)aEi) - mg(in& V&f))
2 2

5 6
= 1 +5QRZC(€ §) — o — Ric(§,€) - > e Ric(€,§) + T332 (div(p€))?

2

1462
2 2 2

26 4
= og-— 5 ch(§ &)+ 15 (dw(go{)) 1+ 62

traceqg(VE,VE)
——tracegg(VE, V).

4. HARMONICITY OF SEMI-CONFORMAL DEFORMATION OF BERGER-TYPE METRIC

4.1. The harmonicity of the Identity map.
We study the both cases Id : (M?™, @, g) — (M?*™,5Bg) or Id : (M?*™,58g) — (M?™, ¢, g).

Proposition 4.1. The tension field 7(Id) of Id : (M*™, ¢, g) — (M*™,5Bq) is given by

52
Proof. Let {e;};,_13m, be a local orthonormal frame on (M?™ ¢, g), the tension field

7(Id) of Id : (M?™, ¢, g) — (M?™,58g) is give by.
2m
T(Id) = > (*PvildId(e;) — dId(Ve,e;))
=1
2m

= 3 (PVaraedld(e;) — Ve,es)
=1

2m

- Z (SBVeiez‘ - Veiei)v

=1
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by virtue of theorem [2.1] we have

2m 2

1)
D) = 3 (Vaei+ 1 s0(Te (66, e)p€ — Verer)
i=1
(52 2m
= ng(vei(@f)»ei)%
i=1
52
= mdw(@f)@f-

From the proposition [.1] we find the following theorem.
Theorem 4.1. Id: (M?™, ¢, g) — (M?™,58Bg) is harmonic if and only if
div(p€) = 0. (4.24)

Proposition 4.2. The tension field of Id : (M*™,58g) — (M*™, ¢, g) is given by

52
T(Id) = —mdw(gof)goﬁ. (4.25)
Proof. Let {Ez}z:m be a local orthonormal frame on (M?™,5Bg) defined by 1’
2m
TId) = > (V{Efdfd(ﬁi) — dId(°PV 5 E;))
i=1
2m
~. spo =
— Z (vdld@)dld(&-) — "0V E)
i=1
2m ~ _
= D (VRE -V E),
i=1

by virtue of theorem [2.1} we get

2m _ " 52 ~
r1d) = Y (Vg Ei— Vg Ei— 1550V, (¢6). Bt
=1

52 2m ~
= 00> oV (00 Bt
=1

) 9 2m

J 5
= et (Ve 00 — 7 D 9V (96, Bt
=2
(52
= 1 edwedt.

From the proposition [4.2], we obtain the next theorem.

Theorem 4.2. Id: (M*™ 58g) — (M?™, ¢, g) is harmonic if and only if

div(p€) = 0. (4.26)
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Example 4.1. Let (M? =0, +00[x]0,7[,¢,g) be an anti-paraKdihler manifold, such that

(¢, g) in polar coordinate defined by

g = dr® +r2d6?,

and
0 . o 1 0 0 0 0
Yo = sm(26’)§ + cos(QG)%, Tk rcos(?&)a — sm(29)80
Let & = cos GQ — 1sm 0—. By a simple calculation, we have
or r 00
gl =1
0 1 0
p¢ = smﬂg — COSQ%,
V(gg) = 0,
div(p€) = 0.

So, thus Id : (M?,p,g) — (M?,9Bg) is harmonic, where
5By = (1 4 6% sin? 0)dr? + (1% + 62 cos® 0)dH? + r sin(260)drdf.
4.2. Harmonicity of the map ¢ : (M?>™,%Bg) — (N™ h).

Proposition 4.3. The tension field of the map ¢ : (M>™,9Bg) — (N™, h) is given by

2 2
r(e) = T(0) - o5 Vae(ws, 8) — g div(p€)de(we), (4.27)

where 7(4) is the tension field of ¢ : (M>*™, p,g) — (N™, h).
Proof. Let {E;}; 15 2 be a local orthonormal frame on (M>™, 9Bg) defined by (3 ,

we compute the tension field “B7(¢) of the map ¢ : (M?™,5Bg) — (N™, h).

Z vdqﬁ(E Z déf)(SBVEi E;). (4.28)
=1

By direct calculations we obtain

m 2m
N i _ N T N
Z;Vd@i)dqs(ﬁ») = Vi ¢(E1)+Z;Vd¢(E)d¢(E

2m
1 N
= T3 g2 Vas(eodo(p8) + > Vi, do(E)
=2
52 2m

= 5z Vaseodo(98) + X Vi do(E) (4.29)
=1
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and by similar calculations we obtain

2m 2m
Y ds(SPVE Ei) = d(SPVg B+ dé(*PV Ei)

i=1 1=2
1 2m
= mdﬁb(V%‘P@ + Z do(V e, Er)
=2
9 2m

+m ;g(in(SDf), E;)do(¢€)

2

s 2m
= ———5d0(Veeps) + Y d¢(V i, E;)

2
1496 P
52
+de(<ﬂf)d¢(¢f)- (4.30)
In fact, by adding (4.29)) and in -, we get
2 2

Pr6) = 70) oy VAD(PE, ¢6) — T sy div(PEN(E).

1+ 62

where,

Vdp(€, 06) = Ve d0(06) — do(Vpept).

From the proposition we obtain the following theorem.

Theorem 4.3. The map ¢ : (M>™,58g — (N™, h) is harmonic if and only if

2 2

H6) = o VAbgE $8) + oy div(pE)dd(E). (4.31)

4.3. Harmonicity of the map ¢ : (M™, g) — (N?" 5Bh).

Proposition 4.4. The tension field of the map ¢ : (M™, g) — (N?",5Bh) is given by

2

1142 tracegh(Vgy(.) (9€), do(+))ek, (4.32)

where 7(¢) is the tension field of ¢ : (M™, g) — (N?" ¢, h).

Proof. Let {e;} be a local orthonormal frame on (M™,g), we compute the

i=1,m

tension field SBT(gb) of the map ¢ : (M™,g) — (N?", SBh).
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wn
-
S
I
NE

(P Ve do(e) — do(Ve,e:))
1

<.
Il

52
14 62

I
NE

(Viendo(e:) + WV ey (96), d(ei))p€ — dp(Ve,ei))

=1

= @)+

2

§
Wtracegh(V%(*) (¢€), do(*)) €.

From the proposition [4.4] we obtain the following theorem.

Theorem 4.4. The map ¢ : (M™,g) — (N™,Ph) is harmonic if and only if
2

1)
(9) = —ogatracesh(Vasu (9€): do())¢t. (4.33)
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